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Introduction. 

Fundamental  solutions  play  a  decisive  role  in  the  method  of  Hadamard  [11]  for 
solving  the  Cauchy  problem  for  hyperbolic  equations  with  variable  coefficients,  of 
the  second  order.  In  the  case  of  analytic  coefficients,  he  constructed  the  fun¬ 
damental  solution  as  a  series  of  functions,  each  term  being  determined  by  the 
previous  ones  by  solving  fairly  simple  differential  systems.  Convergence  of  the 
series  is  proved  by  employing  the  method  of  major ants  of  Cauchy. 

Pbr  higher  order  hyperbolic  equations  with  constant  coefficients,  which  are 
homogeneous  in  the  highest  derivatives,  the  fundamental  solution  was  given  by 
Herglotz  [12]  in  a  closed  form  for  m  even,  m  >  n  (  m  is  the  order  of  the 
equation  and  n  is  the  number  of  space-dimensions).  A  closed  form  was  later 
given  by  Fetrovski  [17]  for  m  >  n  ,  and  by  F.  John  [13]  and  Oelfand-Shapiro  [9] 
(see  also  [10;  Chapter  1])  for  all  m, n  .  More  recently  that  form  was  derived  by 
Borovikov  [2]  as  a  consequence  of  a  general  formula  for  fundamental  solutions  of 
partial  differential  equations  with  constant  coefficients. 


Partially  supported  by  Contract  Nonr  710  (l6)  (NR  044  004)  between  the  Office 
of  Naval  Research  and  the  University  of  Minnesota. 
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Recently,  Babitch  [l],  extending  the  scheme  of  Oe If and- Shapiro,  has  con¬ 
structed  iundamental  solutions  for  hyperbolic  equations  with  analytic  co¬ 
efficients  of  any  order,  by  representing  them  as  series  0«  E/u^f^dff  (inte¬ 
gration  on  a  parameter  <r  ).  The  method  depends  on  the  construction  of  acme  special 
solutions  ("quasi”  plane-waves)  which  are  employed  in  the  successive  construction 
of  the  sequences  1^, ffc  .  Convergence  is  proved  by  generalizing  the  proof  of 
Hadamard  [11].  Using  this  construction,  Babitch  proved  that  the  fundamental  so¬ 
lution  0  with  pole  at  a  point  (0,x°)  is  analytic  at  all  points  (t,x) 

(0  <  t  <  ,  £  sufficiently  small)  which  do  not  lie  on  the  bicharacteriatics  through 

(0,x°)  (i.e.,  on  the  characteristic  conoid  with  vertex  (0,x®)).  Ifcis  result  may 

also  be  formulated  in  the  following  way:  (The  strict)  Huygen's  principle  is 
valid  for  the  property  of  analyticity  of  solutions. 

Babitch  also  proved  that  for  sufficiently  smooth  coefficients  (and  not 
necessarily  analytic),  the  fundamental  solution  is  differentiable  up  to  any  given 
order  at  the  points  (t,x)  as  above.  Finally,  he  extended  all  the  above  results 
to  hyperbolic  systems  of  any  order. 

The  result  about  the  differentiability  of  the  fundamental  solution  was 
previously  proved  by  Courant-Lax  [3]  and  by  Lax  [l4],  by  different  methods,  for 
first  order  hyperbolic  systems. 

The  purpose  of  the  present  paper  is  to  extend  the  results  of  Babitch  in  the 
following  way:  We  consider  classes  C{M^}  consisting  of  all  the  cf°  functions 
(in  some  set)  whose  q-th  derivatives  axe  bounded  by  H*1  M  for  all  q  >  1 

p 

(H  is  a  constant  depending  on  f),  where  N  is  a  given  sequence  of.  numbers 

q  is 

satisfying 

for  all  0<h<k<«  (A  constant). 
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After  the  aanuscript  was  costpleted,  it  came  to  our  attention  that  most  of  the 
results  of  Babltch  [1]  were  also  obtained,  independently,  by  D.  Ludvig,  "Bcaot 
and  asymptotic  solution  of  the  Cauchy  problea",  Cca.  Pure  A»L»  Math.,  toI.  13 
(196Q),  pp.  473-506. 
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We  then  prove  that  if  the  coefficients  of  the  hyperbolic  equation  belong  to 
C{M  }  ,  then  the  fundamental  solution  belongs  to  C{fc  }  in  any  set  lying  in 

0  <  t  <  £  ,  which  excludes  the  bicharacteristics  through  (0,x®)  ,  where  (with 

If  defined  by  (3-28)) 

*  *3q  W*  * 

M  <  —^7  +  — *  >  and  if  M  ■  q.'  then  M  ■  q!  . 
q  -  q.'  qJ  q  q 

For  =  q.'  we  thus  get  a  new  proof  for  the  analytic  case  considered  by  Babitch. 


Our  procedure  starts  (as  that  of  Hadamard  and  Babitch)  by  constructing  "quasi" 
plane-waves  and  then  sequences  u^,  f  .  However,  we  stop  at  a  certain  k  «  p 


P 

and  proceed  to  evaluate  derivatives  Dr  or  '' u  ■  L  u.f.  (or  /tide  )  and  of 

k-0  * 

u  ■  0^  —  u  (where  0  -  /O^dd  )  separately.  The  derivation  of  the  estimates  for  the 
u^  is  technically  the  most  lengthy  step  in  our  proof.  It  employs  techniques 


which  we  used  in  earlier  works  [4]  -  [7]*  As  for  u  ,  it  satisfies  a  certain 
hyperbolic  equation  and.  to  evaluate  u  we  employ  well  known  energy  inequalities. 


In  estimating  I^G  ,  we  take  p  to  be  dependent  on  r  (in  fact,  p  ■  r  +  d^  ; 
dQ  depending  on  m, n  ). 

We  briefly  describe  the  structure  of  the  paper:  , 

In  ^l  we  prove  auxiliary  lemmas  to. the  effect  that  various  nonlinear  operations 
dre  closed  in  classes  C(M^)  .  In  §2  we  solve  the  Cauchy  problem  for  general 
first  order  nonlinear  equations  within  the  class  C(M^)  ,  i.e.,  vp  prove  (Theorem 
1)  that  if  all  the  data  and  the  equation  belong  to  classes  C(M^)  ,  then  the  same 
is  true  of  the  solution. 
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In  £  3  we  write  down  the  formal  procedure  of  constructing  a  fundamental 
solution  in  the  analytic  case  and  then  state  the  main  theorem  (Theorem  2)  of 
the  paper.  A  theorem  (Theorem  3)  on  interior  estimates  for  hyperbolic  equations 
(analogous  to  the  main  theorems  in  [4] [5]  for  elliptic  and  parabolic  equations)  is 
proved  in  £  4.  The  proof  of  Theorem  2  is  given  in  ^  5*  It  uses  the  results  of 
|  £  1,  4.  In  §  6  we  prove  (Theorem  4)  Huygen's  principle  for  the  property  of 
smoothness  in  the  C{Mq)  —  sense,  and  also  mention  briefly  the  case  of  hyperbolic 
systems  of  any  order. 

I*  Auxiliary  Lemmas 

Let  D  bean  open  set,  or  the  closure  of  an  open  set,  in  the  n-dlmensional 
euclidean  space  with  cpordinates  x  =  (x^,  ...,  xq)  .  Let  {Mq}  be  a  monotone 

increasing  sequence  of  (positive)  numbers  with  >  1  ,  which  satisfy  for  seme 

constant  A  and  all  0  <  p  <  q  <  «o  , 

(1.1)  (’)  Mp  Mq  _  p  <  AHq  . 

Taking,  in  particular,  p  =*  0  and  p  =  1  we  conclude: 

(1.2)  Mq  -  4  Mq  -  1  •  Mq  >  (V*  4,1  (*i  constant)  • 

By  C(Mq  ;  D}  we  mean  the  clews  of  (T  (infinitely  differentiable) 
functions  f(x)  on  D  which  satisfy  for  seme  constants  B^H  (depending  on  f) 

|Djf(x)|  <HQH4Mq 


(1.3) 


(0  <  q  <  »)  . 
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q.  a 

Here  denotes  any  partial  derivative  d^/dx^  •••  dxQ  •  claaa 

C{q!  ;  D)  consists  of  all  the  functions  which  are  analytic  in  D  ,  the  closure  of 
D  . 

If  f  depends  on  a  parameter  \  ,  ve  say  that  f(x,\)  belongs  to  C{M^  ;  D) 
uniformly  with  respect  to  \  ,  if  (1.3)  holds  with  Hq,  H  independent  of  X,  . 

If  (1.2)  is  replaced  by 


(1.4) 


|Dj  f(x)|  <  HQ  (0  <  q  <  a) 


|D*  f(x)  |  <  HqH^  (  a  <  q  <  -) 

for  some  integer  a  >  0  ,  then  the  class  is  denoted  by  C{M  ;  D}  .  For 

q-n 

a  <  0  .  the  class  C{M  _  j  D}  is  defined  by  (1.3)  with  M  replaced  by  M  _ 
—  '  q-a  q  <T* 


For  conveniency  we  set  M  =  1  if  q<0.  We  then  can  express  (1.4)  in 

<1 

the  equivalent  form: 


|d£  f(x)  |  <  R ^  (0  <  q  <  •  )  . 
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Lemma  1.  Let  . . . ,  be  functions  of  x  e  D  which  satisy  the 
inequalities  (l  <  i  <  h) 


Dxui(x)|<H0  (0<r<a) 


(1-5) 


D  u,(x)  <  H.H  M 
x  i  —  0  r 


(a  <  r  <  p) 


where  a  >  2  ,  and  let  V  be  an  h- dimensional  open  set  which  contains  the  set 


(u(x)  -  (ux(x),  u^x))  ;  X  €  D) 


PCu^  v^)  be  a  function 


defined  in  V  and  sc 


DuF(u)|<K0  (0<r<a) 


(1.6) 


r  r-e 

Du  F(u)  I  <  KqK  M 


(a  <  r  <  p) 


Then,  if  H  is  sufficiently  large  depending  on  KL,  K,  Hrt  ,  tfc 


inequalities  hold: 


Dx  F(u(x))|  <  BH0  (0  <  r  <  a) 


(1-7) 


Dx  F(u(x))|  <  BHqH  (a  <  r  <  p)  , 


where  B  is  a  constant 


only  on  Kq,  K,  HQ 


Remark.  The  lemma  is  not  true  if  a  &  0  or  a  *  1  . 
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|*oof.  For  a  =  2  the  proof,  In  a  slightly  different  fora,  is  given  la 
[6j  pp.  l<-7-50] .  The  proof  for  a  >  2  Is  obtained  by  soae  obvious  Modifications 
of  the  proof  for  a  *  2  . 

Corollary  1.  If  the  belong  to  C(M^  a;D)  ,  a  >  2  ,  and  if  F(u) 

belongs  to  C(M^  a;V)  ,  then  F(u(x))  belongs  to  CfM^jD]  . 

In  particular  (vith  M  =  q.' )  >  an  analytic  function  of  an  analytic  function 
Is  analytic. 

Me  shall  also  need  a  more  detailed  result  in  the  special  case  h  »  1  , 

F(u)  =  u1  : 

T*»°  9-  Let  F(u)  =  u1  ,  us  u(x^,  xq)  and  assume  that 
|D*u(x)|<Hq  (0<q<a) 


Dj  u(x)  I  <  H0Hq_8yq_^  (a  <  q  <  i)  , 


where  a  >  2  .  Then 


|Dj  F(u(x))|  <  Kq  (0<q<a) 

H^K  1_1 

|Dj  F(u(x))|  <  ~^=T~  H**""* q(q-l) . . .  (q-4+2)  (a  <  q  < 


1) 


where  KQ  depends  only  on  HQ  . 

goof.  The  proof  for  a  ■  2  follows  from  (16),  (18)  of  [6].  The  proof 
for  a  >  2  is  very  similar  to  the  case  a  ■  2  . 
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Later  on  we  shall  deal  with  polynomials  of  the  form 

(1.8)  £  b, (x)X  (x  e  fj  ,  D  open  bounded  set) 

1-0 

hawing  the  property:  for  all  x  e  D  the  roots  X, (x),  . ..,  X  (x)  of  (1.8) 

X  m 

are  real  and  distinct.  We  shall  then  need: 

j^gsa^.  If  a  polynomial  (1.8)  has  the  abowe  property  and  If  the  co- 
efficients  b^x)  belong  to  C{M_  ,  j  D)  for  some  a  >  2  ,  then  the  X.(x) 

————  i  q— a  ______  —  “■ j 

also  belongs  to  C(M^  a  }  D)  . 

m  1 

Proof.  Consider  the  polynomials  £  b.  X  vhere  the  b.  vary  in  a  com- 

1-0  1 

plex  neighborhood  N£  of  the  b^x)  ,  that  is,  £|bt  -  ^(x)  |  <  £  .  Since  the 
roots  X^  *  X^b)  are  continuous  functions  of  b  *  (b^  . ..,  b^)  ,  all  the 
X^(b)  are  distinct  if  g.  is  sufficiently  small.  Hence,  by  a  well  known  theorem, 
the  X^(b)  are  analytic  functions  of  b  e  .  Therefore,  by  (1.2),  they  belong 
to  C(M^  a  ;  1^}  ,  for  any  a  .  Since  the  b1(x)  belong  to  C(M^  a  j  DJ  ,  the 
assertion  of  the  lemma  follows  by  Corollary  1. 

We  next  need  an  extension  of  the  Implicit  Function  Theorem.  We  consider  a 
system 

(1.9)  Ft(xx,  ...,  XQ  j  ylt  ...,  yh)  -  0  (l  <  i  <  h) 

and  assume  that  at  some  point  (x°,y°) 

(1.10)  Vxi>  yi»  •••»  y°)  "  0  (1  <  1  <  h) 
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(l.ll) 


Vl*  •"*  Fh) 

d^i>  V  u°,y°) 


/  o 


If  the  8Lre  functions  of  differentiability  class  C^(p  >  l)  ,  then  in 

seme  neighborhood  N  of  (x^,  y^)  the  only  solution  of  (1*9)  is  given  by  some 
functions 


yt  =  f^x)  (1  <  i  <  h) 

defined  in  a  certain  neighborhood  D  of  x^  and  f^  are  of  class  C?  . 
We  shall  prove: 


Lemma  4. 


inequalities 


(1.12) 


Let  the  F.^  satisfy,  in  addition  to  the  foregoing  assumptions,  the 
(1  <  i  <  h) 

|DrFi(x,y)|  <Kq  (0<r<a  +  l) 

|DrP1(x,y)  |  <  Mr  h  1  (a  +  1  <  r  <  p)  , 


where  dF  is  any  r-th  partial  derivative  with  respect  to  (x,y)  ,  and  a  >  2  . 
Then  the  solution  «  f^x)  of  (1.9)  satisfies 

|l£  f±(x)  |  <  HQ  (0<r<a) 


(1.13) 


|lF  fi(x)  |  <  HoH'-*  (»<r<p) 

where  is  determined  so  that  (1.13)  holds  for  0  5  r  5  a  *gd  H  than 

depends  only  on  52l  on  a  lover  bound  on  the  absolute  value  of 

^(Fj*  •••>  F^)  /  ^(y^  • « «,  y^)  • 
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If  the  F  belong  to  C(M  ;  N}  then  the  f  belong  to 

1  Q,  1 


c{ms  D)  • 

or® 

The  analytic  case  (M^  =  q.' )  Is  of  course  well  known,  but  the  standard 
proofs  are  different  fron  the  present  one. 

Proof.  The  proof  is  by  induction  on  r  .  The  assertion  (1.13)  for 


r  <  a  +  1  is  valid  by  the  choice  of  HQ  .  Vfe  now  assume  that  (1.13)  holla 

for  all  0  <  r  <  q  (q  <  p)  and  proceed  to  prove  it  for  q  .  Differentiating  (1.9) 


with  respect  to  xA  we  get 

(1.1U) 


i 

dF.  h  dF  df 

x*-  +  ^  jet-  *  0  (1  5  1  5  h)  * 


j  k«l  -rfk  "~J 

Vfe  next  apply  D^-1  (where  D  now  means  total  x -differentiation)  to  both 


x  '  x 

sides  of  (1.14)  and  obtain 


(1.15) 


h  dF. 

£  XT’  &  t. 
k-1  ^k  X  k 


J! 

dx* 


Here  we  used  Leibnitz'  rule 

<1  <1 


Dq(fg)  =  £  (jDifD<S“1  g 

i-0 

where  (i)DifDqrl  y  means  that  there  are  (^)  terms  of  the  farm  I^fD**"1  g  , 


D  being  any  partial  derivative. 

The  functions  yfc  -  fk(x)  satisfy  (1.13)  for  all  r  <  q  -  1  .  Hence, 
applying  Lemma  1  we  get 


(a  <  J  <  q-  1)  , 
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provided  H  is  sufficiently  large  (depending  on  K^,  K,  H^)  . 

Substituting  this  into  (1.15)  we  find  that  the  right  side  is  bounded  by 


d.i£)  +  £ 


where  we  use  the  convention: 


ft1-!1 


if  i 


>  0  ,  i*  = 


1  if  i  <  0  . 


Now, 

(1.17) 


q-1  q-1 

£  (  .  )M,  M  .  <  B,  M 

j=i  J  -  1  q-a 


as  follows  from  calculations  similar  to  [6*  p.  49];  are  used  to  denote 

constants  depending  only  on  K^,  K,  HQ  and  on  a  lower  bound  on 

|^(^2>  *  •  •>  ijj)/^(yi>  •••»  yh)|  • 

Substituting  (1.17)  into  (l.l6)  we  find  that  the  right  side  of  (1.15)  is 
bounded  by 

W^X-.  ■ 

provided  H  is  also  >  K  •  We  finally  solve  the  linear  system  (1.1$)  for 


Dx  fk  and  get 


»x  fk<*>  I  i  B3  “o^'X-. 


Taking  H  >  B^  the  proof  of  (1.13)  for  r  =  q  is  completed. 

Remark.  If  seme  of  the  are  linear  functions  in  the  y^  ,  then  the 
assertion  of  Lemma  4  remains  true  assuming  that  these  F  satisfy  (1.12)  with  a  +  1 
replaced  by  a  .  Corollary  2  also  remains  true  assuming  that  these  F^  belomg 
to  CCM^  j  N}  . 


12- 


a  Manifold  S  is  said  to  belong  to  class  C(M  )  if  it  can  be  covered 

q,— a 

by  a  finite  number  of  patches,  each  having  a  local  representation  in  terms  of  a 
function,  say,  f(y)  of  class  CtM^}  .  A  family  of  manifolds  S(x)  is  said 

to  belong  to  class  C{M  }  if  the  f's  are  of  class  C{M  }  in  the 

q-a 

variables  (y,x)  .  A  family  S(x)  is  said  to  belong  strongly  to  class  CtM^} 

if  (i)  there  exists  one-to-one  correspondence  y(x)  -»y(x')  between  the  points 

of  S(x)  and  S(x')  whenever  |x  —  x'  |  <5  (for  some  8  >  0)  ,  and  (ii)  in  the 

local  representation  of  S(x)  ,  say  yi  =  g(yj,  •  ••,  y^,  yi+1>  •••>  yk>  x)  *  where 

y  =  y(x)  ,  g  is  of  class  C(M  }  in  all  the  variables.  The  local  representation 

q— a 

of  any  S(x)  is  assumed  to  be  valid  also  for  all  S(x')  with  |x  -  x'  |  <8  . 

DanmaJ).  Let  S(x)  be  a  family  of  n- dimensional  manifolds  with  boundaries 

E(x)  which  are  (n  —  l)  -  dimensional  manifolds  with  no  boundary.  Assume  that 
S(x)  and  Z(x)  belong  strongly  to  CfM^}  £££  x  €  D  (D  open  bounded  set), 
where  a  >  2  .  Let  u(x,y)  belong  to  C(M^  a)  for  (x,y)  in  an  open  set  V 
which  contains  the  closure  of  {(x,y)  j  y  e  S(x),  x  e  D)  .  Then  the  integral 

I(x)  =  /  u(x,y)dS  (x) 

S(x)  7 

belongs  to  C(M^  D}  . 

Proof.  Differentiating  I  twice  we  obtain 

D  I(x)  -  /  [IXi(x,y)  +  u(x,y)A(x,y)  ]  dS  (x) 

X  Six)  7 

(1.18)  +  /  u(x,y)  T(x,y)  dl  (x)  , 

L(x)  7 

l(x)  =  /  (D[Du  +  uA]  +  [Du  +  uA]  A)  dS  (x) 

X  S(x)  7 


and 
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(1.19)  +  /  {[Du  +  uA]r  +  D(ur)w}  dr,(x) 

E(x)  ^ 

where  Du  =  Dxu  +  D^uD^y  and  where  A  =  A^  ,  T  =  Ti  ,  W  =  W^  if  D  ■  D^  .  A  and 
T,  W  can  be  represented  in  terms  of  the  functions  of  the  local  representations  of 
S(x)  and  £(x)  respectively  and  of  their  first  derivatives.  We  then  1  .nd  that 

d.20)  Itfll  <  Vr  (0<r<.)  hr 

where  Dr  now  means  any  r-th  partial  derivatives  with  respect  to  (x,  y)  . 

In  deriving  (1.19)  we  made  us  of  the  fact  that  £(x)  hew  no  boundary. 

We  can  now  proceed  to  differentiate  l(x)  any  number  of  times.  Introducing 
the  notation 


we  have: 


Dj  I(x)  .  /  (Du  +  uA)*  dS  (x) 

X  S(x)  y 

(1.21)  +  /I*?1  D  j  [(Du  +  uA)qrlr]  ,1  +  (uT)  X  <ffi  (x)  . 

E(x)  1  i«l  4  J  J  j 

We  shall  prove  that  for  any  q  >  0 

(1.22)  |Dj  I(x)|  <  . 

In  proving  it,  we  shall  use  the  inequalities 

(1.23)  |Dr  u(x,y)|  <  Mr_a 


which  follow  from  the  assumptions  of  the  lemma. 

Using  Lemma  2  and  (1.20),  (l.23)  we  find  that 

(1.24)  ^[(Du  +  uA)*5-1]  |  < 

for  all  r  >  0  ,  where  are  appropriate  constants. 
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Next,  it  can  be  proved  by  induction  on  s  that  if  a  function  g  satisfies, 
for  all  r  >  0  , 

(1.25)  lifgl  < 

where  b:  >  0  ,  then 

(1.26)  1^,1  <  1,o"r+‘ Mr«-b 

provided  N  is  sufficiently  large  (depending  only  on  A^A  of  ( 1.20)). 

miKI 

Applying  this  fact  to  g  =  (Du  +  uA)^?  (which  satisfies  (1.25) ^ by  (1.20), 
(1.24)  combined)  and  to  g  =  uT  ,  we  obtain  from  (1.21)  the  Inequality  (1.22) 
with  appropriate  constants  VH  ( independent  of  q) , 

From  the  proof  of  Lemma  5  one  can  easily  establish: 

Lemma  5'«  Let  S(x,y)  ,  L(x,y)  satisfy,  for  each  7  (<*  <  7  <  P)  , 
the  assumptions  of  Lemma  5  and  let  S(x,7)  ,  £(:c,7)  belong  strongly  to  C(M^  ft) 
(a  >  i2)  .  .  Finally,  let  u(x*y,  7)  belong  to  C(M^„  in.  an  open  set  V  Con¬ 
taining  tfrc  closure  Of  { (x,y,  7.)  ;  x  €  D  ,  a  <  7  <  P  >  y  £  S(x,7) )  •  Then  the 
integral  ^ 

I(x)  *  /  /  u(x,  y, 7)  dS  (x, 7)  d7 

a  S(x,7)  y 

belongs  to  C(M^  &  j  D)  . 

2.  Cauchy  Problem  for  Nonlinear  First  Order  Equations 

Consider  the  differential  equation 
(2.1)  F(xx,  ...,  xQ,  z,  pr  ...,  PQ)  =  0 

where  F  is  a  (f*  function  in  all  its  arguments  and  p^  *  dz/diXj  .  The  Cauchy 
problem  consists  in  finding  a  unique  solution  z  =  z(x^  . ..,  xq)  of  (2.1)  (which 
is  an  n-diaenslonal  manifold)  passing  through  a  given  (n-l) -dimensional  manifold 
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xi  ~  W  ' 

’°  ■  WV 


Vi> 


(1  <  i  <  n) 


In  order  to  solve  the  problem,  values  of  p^  corresponding  to 

(x^,  z®)  must  first  be  found  or  be  given.  These  values  must  necessarily  satisfy 
the  equations 


_/  0  0  0  \  . 

xq,  z  ,  p1#  pn)  =  0 


(2.3) 


(1  <  h  <  n  -  l)  . 


One  is  thus  led  to  assume  that  for  the  initial  manifold  (2.2)  the  following 
conditions  hold:  (i)  There  exists  a  solution  pA  *  p®  of  (2.3),  and  (ii) 

The  n  x  n  matrix 


N  /  0  0\ 

,  ar  3<*i-  •••>  *„>  „ 

....  Vj.) 


is  non- singular  on  the  initial  manifold,  when  p^  =  p^  . 

We  remark  that  if  (ii)  is  violated,  there  may  exist  store  than  one  solution 
or  no  solution  at  all  to  the  Cauchy  problem. 

The  solution  of  (2.1),  (2.2)  (with  pA  =  p^  for  x ^  *  x®,  *  =  t°)  is 

constructed  with  the  aid  of  an  auxiliary  system  of  ordinary  differential 
equations  (the  characteristic  equations) 
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(2.4) 


"Is 


SF  dz  dF 

^  '  ds  "  tii  Ph  ^ 


dp 


__i 

ds 


/  dF  t  dF\ 

+  Fi3?> 


(1  <  i  <  rv) 


We  solve  this  system  with  the  initial  values  x^  ,  z°  ,  p® 


The  solution 


*i  -  •••» 

(2«5)  z  =  z(s, t1>  . ..,  t^_^) 

pi  =  pi^8,tl»  *'  V-l^ 

is  (T  in  ( s,  t^  . . . ,  tQ-1)  .  Using  the  assumption  (ii)  one  finds  that  if  s 
is  sufficiently  small,  then 

(2.6)  d(x  ,  x  ) 

r  +  0  . 

I(s7tj7T7rrt^T 

Hence,  we  can  solve  s, t  ,  ...,  t  .  in  terms  of  x,,  ...,  x 

1  nr*l  1'  '  n 

Substituting  this  into  z  in  ( 2.5),  we  obtain  a  (T  function  z  =  g(x^  ...,  xq) 
which  can  be  proved  to  be  a  solution  of  the  Cauchy  problem  (the  p^  are  proved 
to  be  dz/da^)  . 

We  shall  now  prove: 

Theorem  1.  If  F  belongs  to  C{M  _^)  (in  all  its  variables)  for  seem 

b  >  3  ,  and  if  the  belong  to  ,  then  the  solution  z  =  z(x^,  ...,xn) 

belongs  to  CJM^)  . 
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Ptor  simplicity  the  domains  where  the  classes  C(M _ .  }  are  defined  has 

flf-h 

not  been  mentioned.  The  domain  where  z(x^  . xq)  Is  of  class  CfM^^) 
is  some  neighborhood  of  (x®  ,  . ..,  x°)  . 

Proof.  Set  a  =  b  -1  }  then  a  >  2  .  We  can  write  the  system  (2.4)  and 

the  initial  conditions  (s  =  0)  in  the  form 
dr  (s,t) 

(2.7)  “ 55  “  (vi>  •**> 

(2.8)  vi(0,t)  «  v®(t)  (l  <  i  <  N) 

where  t  =(t1>  ...,  tQ_^)  ,N  =  2n  +  l,vi=x1  if  1  <  1  <  n  ,  vq+1  =  z  , 

v  .  .  =  p.  if  1  <  i  <  n  .  *.  sire  functions  of  class  C{M  )  in 

n+l+l  l  —  —  l  *  q— ei 

(v  ,  . ..,  v  )  and  v®  are  functions  of  class  C(M.  )  in  t  .  Indeed,  in  view 
x  n  l  q-a 

of  our  assumptions,  all  that  remains  to  show  is  that  the  p^  belong  to 

C(M  )  and  that  follows  by  Corollary  2  of Vl  and  the  remark  following  the  proof 
QT® 

of  Lemma  4. 

We  next  perform  the  transformation 

w1(s,t)  =Yi(s,t)  -v1(0,t) 

and  obtain 

dw  (s,t) 

(2«9)  ^  =  •••» 

(2.10)  w1(0,t)  =  0  (l  <  i  <  N) 

where,  by  Lenma  1  (or  its  corollary),  the  if.  are  of  class  C(M _ )  In  all 

1  q-m 


the  T&rlables. 
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We  shall  need  the  following  lemma: 

Lemma  6.  If  the  ♦1  belong  to  CtM^}  for  some  a  >  2  ,  then  the 
solution  Wj  of  {2.9),  (2.10)  also  belongs  to  CfM^)  . 

Prom  the  lemma  It  follows  that  x^  z,p  are  of  class  C(Mq_a)  In 

(s,^,  tn-1)  •  Applying  the  remark  following  the  proof  of  Lemma  4  (concerning 

Corollary  2)  we  conclude  that  z  and  sure  of  class  C(M^  &)  in  (x^,  ...,  xq) 
(Indeed,  we  take  F  to  be  xi  -  x1(s,t1>  t^)  ,  i.e.,  linear  in  the 

Xj . )  •  Since  =  dz/^  ,  z  is  then  of  class  C(M^  >(1)  *  0(14^}  *  81x4  the 

proof  of  Theorem  1  is  completed. 

It  remains  to  prove  Lemma  6. 

Proof  of  T-omrna  f> -  We  first  prove  that  it  is  enough  to  establish  the 
inequalities 

(2.11)  |d£  w1(s,t) |  <  HQ  (0  <  r  <  a) 


(2.12)  |p£  wi(s,t)  |  <  (a  <  r  <  »  ) 

for  i  =  1,  ...  N  .  Indeed  we  shall  prove  that  if  (2.11),  (2.12)  hold,  then 

(2.13)  |Dj  l£  Wi(s,t)|  <  H0  (0  <  p  +  r  <  a) 


(2.14)  |dJ  dJ  w1(s,t)  |  <  H()HP+r"RM  (a  <  p  +  r  <  »  ) 

**  p+r  & 

for  some  H  depending  on  H^,  H,  is  chosen  so  that  (2.13)  i®  satisfied. 

We  proceed  to  establish  (2.14)  by  induction  on  p  ;  assuming  it  to  hold  for 
all  p  <  q  we  shall  prove  it  for  p  =  q  +  1  .  The  case  p  *  0  follows  by  (2.11), 
(2.12). 
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Applying  EPl)f  to  both  sides  of  (2.9)  we  obtain 

(2.15)  jf1  <  W1  -  >?  ^  •••'  V  • 

Using  Lemma  1,  the  assertion  readily  follovs  if  H  is  appropriately  large 
(independently  of  p,  r)  . 

We  remark,  in  passing,  that  the  are  of  class  C(M^)  in  s  where 
m  1  ,  and  we  can  therefore  establish  (using  (2.11),  (2.12))  the  Inequalities 


(2.16)  IeP  if  Wl|  <  HQHP+r^M.r_a  (a  <  p  +  r  <  -  )  . 

These  stronger  inequalities,  however,  are  not  needed  in  proving  Theorem  1. 

It  remains  to  prove  (2.11),  (2.12).  We  first  choose  HQ  so  that  (2.1l)  hold 
and  then  proceed  to  prove  (2.12)  by  induction  on  r  :  assuming  it  to  hold  for  all 
r  <  q  —  1  we  shall  prove  it  for  r  =  q  . 

Applying  to  both  sides  of  (2-9)  and  integrating  with  respect  to  s  we 
get,  using  (2.10), 

s 

(2.17)  D^w1(s,t)r=  /  Djt1(o,t,w1,  ...,  wH)da  . 

0 

Expanding  ^  by  the  formula  of  total  differentiation,  we  see  that  all 
the  derivatives  D*j  w^  appearing  in  the  expansion  are  of  order  less  than  q  with 
the  exception  of  the  terms 


i  a 
k 


♦.) 


Hence,  applying  Lemma  1,  we  obtain 

N 


lBt  *ll  S  *1  £  I”?  '1,1  +  *2 


q-a 


where  are  used  to  denote  constants  depending  only  on  the  and  on  . 

Substituting  this  inequality  into  (2.17),  taking  absolute  values  on  both  sides 
of  the  resulting  inequality  and  finally  summing  over  i  =  1,  N  we  obtain 


s 


(2.18) 

<p(s)  <  A3 

/  cp(cr)do  +  A3sH0Hq“a-1M 

0 

where 

N 

lDtWk(B,t)l  * 

(2.19) 

<p(  S  )  a  L 

l _ 1 

Integrating  both  sides  of  (2.18)  with  respect  to  s  and  taking  s  sufficiently 
small  (2bA^  <  l)  we  obtain  an  estimate  for  /q>(ar)dtr  .  Substituting  back  into 

(2.18),  we  conclude  that 

<p(s)  <  \  sH()Hq“ft'3Hq_a. 

Hence,  if  A^s  <  H  then  (2.12)  follows  for  r  =  q  . 

Remark.  Lemma  6  is  valid  without  any  restriction  on  the  smallness  of  s  . 

To  prove  it  one  modifies  the  last  argument  in  the  proof  and  uses  Lemsia  8  of  ^4. 
From  the  proof  of  Theorem  1  we  get: 

Coroi]yg£.  If  the  initial  values  depend  on  a  parameter  \  and  are  of 
class  (b  >  3)  in  (t, \)  ,  then  the  solution  z  ■  z(x,\)  is  of  class 

C(Mq_^+i)  in  (x, \)  (in  fact,  in  class  0(14^)  in  x  and  C )  in  A  ). 

Indeed,  the  initial  values  of  are  then  of  class  in  (t,\) 

(by  using  Corollary  2  and  the  remark  following  the  proof  of  Lemma  4)  and  we  then 
can  proceed  as  in  the  proof  of  Theorem  1,  slightly  modifying  Lemma 


6. 
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3.  Formulas  for  Fundamental  Solutions 

The  formulas  of  3*2,  3*3  ue  taken  from  Babltch  [1]. 
3.1.  Deflnltlona 


Consider  the  differential  operator 


Pu  -  P(t,x,  ,  g|) 


m  ^  — 

..  H+  zi 

N,  m  Cm 

ot  .  . 


h_+k.  +• . *  "A 
>01  m 

\  k  ...k  (t,x^  k  i  '  F“ 

kA+k-+...+k  -a  01  m  St  °&x11...^t  n 
o  l  n  in 


and  denote  its  principal  part  by  PQ(t,x,  )  .  P  is  said  to  be  hyperbolic 

(with  respect  to  the  t-direction)  if  for  every  real  vector  |  =  . ..,  6^)  0 

the  algebraic  equation  Pg(t,x,  |)  =  0  has  m  real  and  distinct  roots  X.^  ,  for 
any  value  of  (t,x)  . 

We  shall  consider  in  this  paper  only  uniformly  hyperbolic  operators,  in  the 
following  sense: 

(i)  If  we  denote  by  X.^1,  t,x)  the  roots  of  PQ  =  0  ,  then 

inf  |\(5,t,x)  -  \  (|,t,x)  |  >  0 
(!,t,x)  1  J 

for  all  i,  J  =  1,  . . . ,  m  ,  where  i  ^  J  ,  J  varies  on  |{|  *  1  ,  0  <  t  <  Ep  far 
same  >  0#  and  x  varies  in  the  euclidean  space  if  . 

(ii)  The  coefficients  a  ft,  x)  of  P  and  the  first  derivatives  of  a_  , 

a  a 

|a|  *  m  ,  are  uniformly  bounded  in  the  strip:  |t|  <  6^  ,  x  e  if  . 

Under  these  assumptions  and  the  assumptions  that  the  &a  are  sufficiently 
smooth,  the  following  Cauchy  problem  has  been  solved  by  Fetrowski  [l6],  Leray  [ 15] 
and  Carding  [8] : 


i 
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(3.1)  Pu  =  f(t,x) 

h 

(3-2)  ^1  =  Cp^(x)  (0  <  h  <  m  -  1)  . 


The  degree  of  smoothness  of  the  solution  depends  on  the  degree  of  smoothness 
of  the  ,  f  and  the  .  Petrovski's  work  contains  a  gap;  Leray's  work 


Is  complete,  whereas  G&rding's  work  is  a  slight  improvement  of  Leray ' s  results 
and  mostly  a  simplification  of  the  methods.  He  considers  also  non-smooth  data, 
assuming  that  P  satisfies  only  (i),  (ii). 

A  fundamental  solution  G,  (0  <  j  <  m  —  l)  of  the  Cauchy  problem  with 


.0  0 


pole  (t  ,x  )  is  a  distribution  Gj  in  x  ,  with  t  as  a  parameter,  which 


satisfies  the  equation  PG,  =  0  and  the  initial  conditions 


J 


(3-3') 


Si 


t=tv 


if  h  i  i 

8(x-x°)  if  h  =  J 


(0  <  h  <  m  -  l) 


where  B(x)  is  the  Dirac  measure  with  support  at  the  origin. 

Babitch  [1]  considered  only  the  case  J  =  m  -  1  .  We  consider  first  this 
case  but  /n  $(ue  discuss  the  general  case.  We  set  G  =  Gffl  ^  so  that 


h  m— 1 

(3-3)  1||  =0  1f0<h<»-2,  1— 4|  -8(x-x°). 

»*  t*°  84  t.t° 
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3.2.  "Quasi"  Plane-Waves 

If  the  coefficients  of  PQ  are  constants,  then  for  any  real  rector  cr  «  ..., 

and  for  any  function  f  there  are  m  solutions  f(r)  of  PQu  ■  0  ,  where 
7  si  vt  +  x*<r  (x.ff  =  Z  x^o^)  and  v  *s  ^  one  -t*ie  m  rea^  and  distinct 

roots  of  Pq(v>  o’)  =  0  •  Th®  solutions  t(y)  may  be  considered  as  plane-waves. 

To  construct  an  analogue  of  y  in  the  general  case  (  y  may  then  be  Tiered 
as  a  "quasi"  plane-wave)  we  solve  the  problem 

(3-4)  po(t,x,3t  »  =  0 

(3-5)  rl  »  ff*x  • 

t=0 

Equation  (3-4)  is  of  the  form  (2.1)  and  the  initial  conditions  analogous  to 
(2.2)  can  be  given  by  setting  s  *  t  and 

(3.6)  x  |  m7  (l<i<n),  x  |  -  t|  -0 

1  's=0  1  's=0  s=0 

(3.7)  rl  -  ff-y  , 

'8=0 

where  we  (sometimes)  set  xQ  ■  t  . 

Conditions  on  the  p1  at  s  =  0  (which  satisfy  the  analogue  of  (2.3))  are 
given  by 

(3.8)  P±|  =  3^1  -  (1  <  i  <  n)  ,  p6  -  v  . 

8=0  1  8=0 


sk¬ 


it  on  s  =  0  (l  <  i  <  n)  and  if  t  =  0  on  8  =  0  then  (3*5) 

implies  (3*7),  (3*8).  Conversely,  (3*7)  and  (3-8)  imply  (3.5).  The  values 
P0-y  are  ovulated  fro. 

(3-9)  P0(0,y,v<e)  =  0 

and  there  are  m  distinct  solutions  v  =  v^(y,  a)  (l  <  i  <  m)  ,  thus  giving  rise 
to  m  distinct  solutions  y  =  7^  (x,  t)  . 

For  later  purposes  we  write  down  the  characteristic  system  corresponding  to 
the  Cauchy  problem  (3.U),  ( 3-6)— ( 3.8) : 

dxt  apo(t,x,Po,p)  ^  n  8p0(t,x,P(yp) 

(3.10)  dB  ,ds‘A Pj  ^  ' 

dPa  8p  (t,x,p^p) 

-S - sq -  (0<i<n  ;  p  =  (px,  ...,Fn))  . 

Solutions  of  (3*10)  are  called  blcharacteristics . 


J^^^^mi^^onstruct^o^^^Rindamental^oJaitiwis 


For  simplicity  we  take  (t^,x^)  =  (0,0) 


We  shall  use  the  formula  of  Gelfand-Shapiro  [93  (see  also  [10;  Chapter  1]): 

(3-11) 


r  (n-l) 

4c»  (r)  (n  odd) 

8(x)  *  .  Jf  9T1(x*°')dcr  ,  q)  (r)  =  J 


k  =1 


(n  even) 


— Pic 

where  c  Is  a  constant.  It  should  be  stresses  that  by  r  ve  understand  the 
n 


distribution  defined  by  (see  [10;  p.73]) 
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(r"2k,< 


/  r 
0 


-2k 


{q>(r)  +  cp(-r) 


2k-2 


(2k-2) 


— 2[q>< 0)  +  |y  <p  (0)  *  <P  (0)]]dr 


-2k— 1 

and  by  r  we  understand  the  distribution  defined  by 


(r”2k-1j  <p)  =  /  r“ac“1{q)(r)  -  $(-r) 


_3  (3) 

-2[rf'(0)  +  cp  (0)+...+  7: 


2k— 1 


(2k— l) 


r2k-i)'i<p  (°)D^- 


^  — h  — h— 1  h 

We  have :  —  r  -  —hr  ,  and  the  distribution  r  for  h  >  0  is  the 

ordinary  function  rh  . 


We  intend  to  find  a  solution  G^.  of  PG^  *  0  ,  satisfying 


(3-12) 


*hG 


dt 


m-1 

d  0 

=  0  (0  <  h  <  m  -  2)  ,  -  7 


t=0 


B— 1 


t-0 


-  <PQ(x*o)  . 


Then,  the  fundamental  solution  G  would  be 


(3-13)  G  -  f  G  do 

I (r|=l 


We  shall  find  G  in  the  form 
o 

“  "  ( i ) 

(3.-14)  ,  <yt,x)  -  £  u^tt.x)  ,k(v  ) 


and,  for  simplicity,  we  write 

/  \  (l)  (J) 

(3-15)  Oj  for  0J(f  ,  for  ,  rU’  tor  T(r 
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The  series  Oj  ■  E  u^f^r^)  has  to  satisfy  FQ^  ■  0  and  EQj  has  to 

satisfy  (3.12),  formally.  We  do  not  consider  here  the  question  of  convergence. 

We  introduce  the  operators  P  by  the  identity 

s 


(3. 16) 


m 


p(uf(r))  =  e  p_(u) 
s-0  8 


.  m-s 
dr 


P  are  linear  differential  operators  of  order  s  and  their  coefficients  are  linear 
s 

combinations  of  products  of  derivatives  ^7  (J  <  s  +  1)  with  coefficients  which 
are  coefficients  aQ  of  P  .  In  particular. 


P0(u).P0(t,„u,r)u.  2.  V.* 

0  n 


k.  k 

(t,x)7n°...r  n  u.  ■  Au 


(yn) 


pi(u)  =  +  (  5  ^ j  35^  +  B)u  * 

^ 

B  "  kft+...4k  *a-l  ®k  .  ..k  70°‘"7n 

On  On 

where  y±  -  87/^,  7^  *  (0  <  i,  J  <  n)  . 

Taking  ffc  such  that  fk+1(r)  *  /^(r) dr  we  conclude  that  u  ■Euk(t,x)fk(7) 
is  a  solution  of  Pu  *  0  if 


(3.18)  P0(uQ)  -  0  ,  P1(uQ)  +  P0(Ul)  =  0  ,  Pm(uk)  +  Vl(\+l)+"'+P0(uk4m  ) 


0  , 


•  e  •  • 


We  now  make  a  special  choice  of  7  ,  namely,  we  take  7  to  be  one  of  the 
m  "quasi”  plane -waves  of  3.2.  Then  A  ■  0  and  the  first  equation  *q(uq)  ■  0 
in  (3-18)  is  satisfied,  in  view  of  (3.17).  Also,  *  0  for  soy  *  • 
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If  we  use  (3.10),  then  the  second  equation  becomes 
du, 

’  .  /  J.  r  o  i 

r  +  'T  2  XT7Tr 

J 

and  the  general  equation  of  (3-18)  becomes 


Ta  +  ("T  E  7ij  +  B)uo  "  0  (s  -  t)  , 


du.  1 

(3-19)  ~st  +  (^“E 


d2A 


2  E  ^drj  7ij  +  B)uk  “  Pi(uk-i+l) 

provided  ve  agree  to  set  u_^  =  u__g  =  . . .  =  u  +1  =  0  . 

.(b) 


Since  ve  have  to  deal  vlth  m  distinct  y  *  y  ,  ve  get  the  equations 

a2* 


(3.20) 


dukh  ,  1  _  6  K  (h)  N  ® .  v 

dt  (  2  L  ^(hj^h)  7U  +  ®h)ukh  =  iE2  Pih  (Vi+l,  h* 

i  J 


00 


where  A^,  B^,  Pih  are  obtained  from  A  ,  B,  by  taking  7  =  7 

In  order  to  satisfy  (3-12),  formally,  ve  first  apply  dh/dth  to 
00 

u  *  £  ^(7)  and  obtain: 


k=0 


<3-21>  a?  '  +  +  VVi*  +  •••  *  VVh> 


where  u_^  =  0  if  J  >  1  .  Here 


and 


^  =  ^  a? 

*1^  is  a  polynomial  in  7  and  its  derivatives  up  to  order  h  . 


If  we  take  ,  .  * 

r  c  r^V) 

(3-22)  f-«+l<r)"  ° 

■  c  r-11 
n 


(  n  odd) 

(  n  even)  , 
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then  it  follows  that  the  initial  conditions  (3-12)  are  equivalent  to 

r  ^  +  ••* + + ••* + Sihj^-h,^] 


0.23) 


{ 


1  if  h  =  m  -  1  and  k  =  0 
otherwise, 


where  is  with  7  =  7^  . 

Since  7q*^  are  all  distinct,  (3*23)  defines  the  u^j  uniquely  in  terms  of 
the  preceding  u  ,  s  <  k  (recall  our  convention:  u  .  =  0  if  s<0). 

SJ  8  J 

We  finally  write  down  the  sequence  f^  (as  follows  by  (3.22)  and  the  rule 

Vi  -  'V  ■ 


For  n  odd, 

(3-24) 


if  n  -  m  —  k  >  0 


fk(r)  1 


k-Hn-n-1. 


cn  Ck%  n  -  ^-rl)!  lf  ->-"-^<0 


where  fc(r)  «  0  if  r  <  0  ,  £(r)  ■  1  if  r  >  0  . 

For  n  even 


n+l-k-m 


if  n  +  1— k— m>0 


(  k  +  m  —  1  —  n)  ...  (l  -  n)  r 
(3-25)  fk(r)  ‘-fin1!  1)!  1°S  -JF7 

(-1)“  cn  rk*M’-1  L 

(n  -  i)“  (k  +  m  -  n  -  l)!  ( 108  FT  *  1  + 


if  n+1— k— m»0 


if  n+l^-fc-.B<0  , 
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3.4.  Statement  of  the  Main  Re  stilt 

The  clmactMj  ati  r»  f.nnn'i  d  of  P  with  the  origin  as  vertex  is  the  set  of  all 
points  (t,x)  satisfying  the  system  of  equations: 

(3-26)  r£j)(t,x)  -  0  ,  4{7aJ)(t,x)  “  °  (l<i<n-l) 

for  some  (cr,  j)  ,  where  |<rj  =  1  ,  1  <  J  <  m  .  Here  ^  are  local  coordinates  on 
the  unit  sphere. 

Let  V  be  an  open  bounded  set  of  points  (t,x)  ,  or  a  closure  of  such  a  set, 
which  does  not  intersect  the  characteristic  conoid,  and  let  be  the  set 
V (0  <  t  <  fc }  ,  for  any  £  >  0  .  Let  W*  be  the  set 

{ (t, x)  j  0  <  t  <  £  ,  |x|  <  p) 

for  any  0  <  p  <  •  .  Finally  let  R,RQ  be  any  positive  numbers  such  that  R  <  RQ 

and  V£C  \  for  sufficiently  small  6  ,  say  (for  simplicity)  for  t  <  ^  where 
£n  appears  in  3*1* 

there  exists  6^  >  0  such  that  for  any  fe  <  1^ 
f  and  ,  the  solution  u  of 

(0  <  h  <  m  -  i) 

in  w5  depends  on  f,  cp.  and  the  coefficients  of  P  only  in  W*  ,  that  is  to 
R  h  «q 

say:  if  one  changes  f, outside  W*  in  any  manner  and  if  one  changes  the 

coefficients  of  P  outside  w5  in  such  a  way  that  (i),  (ii)  and  the  bounds  con- 

R° 

concerned  are  preserved  (  *  depends  on  these  bounds)  then  the  solution  u  of  the 


As  is  well  known  [15]  [l6] 
the  following  holds:  For  every 
Pu  =  f(t,x) 

(3.27)  ini  =  <Ph(*) 


i  t=n 
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modified  problem  (3*27)  coincides  with  the  solution  u  of  (3*27)  in  W*  .  In  other 

<  ft 

words,  WR  contains  the  domain  of  dependence  of  WR  . 

In  the  sequel  we  shall  assume  (see  Theorem  2)  that  the  coefficients  a  of  P 

*  ^0  ° 
are  C  in  W~  ,  and  we  shall  consider  the  behavior  of  the  fundamental  solution 

R0 

G  in  V£C  .  Hence,  if  £  <  €.«,  we  may  modify  the  a  outside  W *  without 
R  a  R0 
£ 

affecting  G  in  V  .  We  can  use  mollifiers  for  this  purpose  and  thuB  achieve 
»  ft 

CT  coefficients  for  P  also  outside  WR  Hence,  in  proving  Theorem  2  we  may 
assume  that  the  coefficients  of  P  are  C°°  in  for  all  £  <  £  . 

Let  (M^)  be  a  sequence  of  numbers  which  satisfy  the  same  properties  that 
{M^}  was  assumed  to  satisfy,  and  in  addition, 


(3.28)  M  <(A')P+q+1MM  ,  M  <‘m  for  all  p,q<0 

p+q-  pq  p-p  “ 

where  A'  is  a  constant.  For  instance,  if  =  (&p )J  (6  >  l)  ,  then  we  can 

take  =  M  . 

P  P 


He  can  now  state  the  main  result  of  the  paper. 


.  V 

Theorem  2.  If  the  coefficients  of  P  belong  to  C(M_  ;Wn  }  for  some 
—  ■  '  -  -  —  **  Ro  - 

a£<p(m,n)  ,  then  the  fundamental  solution  G(t,x)  belongs  to  C(M^ 

for  spate  t  sufficiently  small,  where  9  and  d  =  d(m,  n)  depend  only  on  m,n  ; 


9(m,n)  £  d(a,n)  ,  and  where 

(3-29)  S*< 

'  p-b  -  p.  p.’ 


and  M  *  M  if  M  =  p.’ 
-  P  P  —  P 


for  b  >  0 


I 


Corollary  1.  =  q2  ia  the  analytic  caae  and  our  result  for  this  ease 

coincides  with  that  of  Babitch  [1]. 

d. 

Corollary  2.  If  the  coefficients  of  P  belong  to  C{(8q)!  ;  W^0)  then  0 

belongs  to  C([(36  -  l)q]t  J  V^}  ,  for  any  S  >  1  . 

The  proof  of  Theorem  2  is  given  in  §  5*  An  auxiliary  result  on  interior 
estimates  for  hyperbolic  equations,  which  is  of  intrinsic  Interest,  is  proved 


in  §  4. 


A  Theorem  on  Interior  Estimates 


In  this  section  we  prove  that  for  the  Cauchy  problem 
(4.1)  Pu  =  f 


(4.2) 


xh  I 

£*  =  0 
dth|t=o 


(0  <  h  <  m  -  1) 


the  following  is  true:  If  the  coefficients  of  P  belong  to  C{M^_^;VI^  )  for 
seme  a  >  0  ,  R_  >  0  ,  then  the  succesive  derivatives  of  u  in  can  be 

U  fl 

estimated  in  terns  of  the  successive  derivatives  of  f  in  provided  the 

a  '  V 

letters  are  bounded  by  K1  .  Here  RQ  1b  sufficiently  large,  depending  on 
R,a  and  P  .  The  result  is  formulated  in  Theorem  3  below,  and  this  theorem  will 
be  needed  in  ^5,  for  the  proof  of  Theorem  2. 

Theorem  3  is  analogous  to  results  derived  by  the  author  in  [4]  [5]  for 
elliptic  and  parabolic  equations.  It  would  be  strictly  analogous  if  R  were 
to  be  Rq  -£  for  any  t  >  0  ,  but  such  an  assertion  cannot  be  expected  to 
hold  for  hyperbolic  equations.  The  proof  of  Theorem  3  is  based  on  different  tools 
than  those  used  in  [4]  [5]^  although  a  part  of  the  technique  is  similar  to  [4] 
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To  formulate  the  theorem  we  introduce  the  norm 

1 

lk(t,  OIL-  {,/.  |r(t,x)|2  dx)2 

"  |x|<p 

We  assume  that  P  is  a  uniformly  hyperbolic  operator  with  C T  coefficients  in 

and  that  the  coefficients  belong  to  C(M _ }  ,  where  b  >  0  .  We  further 

“  (3— “  rq  ~ 

assume  that  R^  Rg  can  be  found  such  that  R  <  R^  <  v,}  <  RQ  and  (a)  the  domain 

of  dependence  of  is  contained  in  ,  and  (b)  the  domain  of  dependence  of 

iP-ifi  is  contained  in 
-  R0  »  Rg 

We  can  now  state: 

Theorem  3-  Let  the  foregoing  assumptions  be  satisfied  and  let  u  be  a  so¬ 
lution  of  (4.1),  (4.2)  In  .  If  f  satisfies,  for  0  <  t  <  a  , 

(4 . 3)  ||Dq  f (t,  . )  ||  <  E0Eq  (0  <  q.  <  p) 

then  u  '  satisfies,  for  0  <  t  <  a  , 

(4.4)  HD*4*-1  u( t, . )  ||R  <  lyC*  ( 0  <  q  <  p) 

where  K^,  K  depend  only  on  VE  and  on  P,  * 

Proof.  Note,  first,  that  all  the  derlvatiyes  of  u  in  (4.4)  exist  by 
[6]  [151  (16].  We  shall  prove  (4-3)  for  any  given  q  ,  0  <  4  <  p  ( without 

using  induction  on  q  )  . 
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We  modify  f  into  a  function  t  defined  aa  follows: 

in 


(^•5) 


ftt,x)  =  ^<p(x)  f(t,x)  in  ^ 


ln  > 


where  <p(x)  =  cp(  jx  | )  ,  and 


(4.6)  <p(  (Bg  -  R^r  +  Rj.)  -  5(r2)  . 

The  function  £(r)  is  required  to  satisfy  the  conditions: 

5(0)  =  1  ,  5(k)(0)  =  0  (l  <  It  <  q)  ,  5(J)(1)  -  0  (o  <  J  <  q)  . 

O 

Then,  the  same  conditions  are  satisfied  by  £(r  )  ,  and  by  (4. 5)  (4.6)  it  follows 
that  f  is  of  differentiability  class  Cq  in  . 

We  want  to  find  £(r)  as  a  polynomial  of  degree  2q  +  2  . 


Then, 

C'(r)  .  r^l  -  rV^er  +  7) 

for  some  $,7  Integrating  and  using  the  conditions  £(0)  =  1  ,  £(l)  =  0  , 

we  get 

5(r)  «  P  /  sq+1(l  -  s)q  ds  +  7  /  sq(l  -  s)q  da  +  1 
0  0 


where  &  7  satisfy 

0B(q  +  2,  q  +  1)  +  7B(q  +  1,  q  +  l)  +2  «  0  . 


Here 

B(x,k)  -  xU  +  („  tk_l)i  U  integer  >  0) 


is  the  Beta  function. 


u. 
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If  we  take  p  =  1  then 


Let  tj(r)  be  the  polynomial 

r)(r)  ■  /  s*1  (  1  +  s)<1+1  ds  +  1  . 

0 

Then  it  is  clear  that 

|l£  ?(r2)  |  <  l£  n(r2)  . 

By  expanding  IT  £(r2)  and  comparing  each  term  In  the  expansion  with  that  of 
t  5(r2)  we  find  that 
(M)  |l£  £(r2)|  <  l£  rtfr2)  . 

^^2,  v 

The  right  side  of  (4.7)  is  easily  seen  to  be  bounded  by  B',  q  ,  where  B. 
are  used  in  this  section  to  denote  appropriate  constants  depending  only  on 

®2  * 

Using  (4.6)  we  get 

(4.8)  |l£  <p(x)  |  <  E^+1qk  (0  <  k  <  q)  . 

Hence, 

(4.9)  f(t,.)||  <E K.  +  L  f(t,.)||  . 

M  J»0  J  Ro 

At  this  point  we  introduce  a  new  sequence  {R^^}  defined  by 

(h.io)  >U"VhS  (o<»<0 

and  notice  that  .  Also,  by  (1.2)  and  (l.l), 
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that  la 


0*.ll) 


(0  <  J  <  k  <  i) 


Using  (4.11),  we  obtain  from  (4.9) 


•  >L  <  V*  *Srt  ♦  v/  ^ 


where  E»  majc(E,2B2  B^)  .  Hence, 

(4.12)  Hl^  f(t,  .  )\\m  <  E0&  (0  <  k  <  i) 

where  fQ  -  EQ(l  +  B^)  . 
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Let  u  be  the  solution  in  iP  of 

00 

(^. 13)  Pu  =  f 

aJsi 


(4.11.) 


dt‘ 


(0  <  J  <  m  -  1)  . 


t«0 


By  the  choice  of  ,  Rg  we  conclude: 

(4.15)  u  =  0  in  vP  —  ,  u  =  u  in  ^  . 


Hence,  if  we  prove  by  induction  on  h  that 
(4.16)  u(t.  Oil  <  (0  <  h  <  q) 

then,  taking  h  ■  q  we  obtain  (4.4)  with  any  K  >  eKg  .  and  Kg  will  be  proved 
to  depend  on  ,  E  and  on  P,  R,  R^,  R.^,  Rg  . 

Before  starting  with  the  proof  of  (4.l6),  we  need  the  following  fact  which  we 
state  as  a  lemma. 


If 


i  */  Vb 


for  0  <  k  <  q  ,  then 

l*H)l  <  B6 


(0  <  k  <  q) 


provided  H  >  2B^  .  Bg  is  independent  of  HQ  ,  H  . 
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Proof.  We  first  observe  that  if  0  <  J  <  k  <  q  , 

<$>  \-j-b  Hj--b  i  A  “k-b  fr  s  A  “k-i,  £  ’ 

that  is, 

^  <$>  Vj-.,  V  *  A  Vb  > 

where  we  made  use  of  (l.l). 

Using  (4.17)  we  get 

l|Dk(gh)ll  <  E  (j)|Dk-,)h|  ||DJg||  <  BgNN*  , 

where  we  made  use  of  the  fact  that  N  >  2B^. 

In  proving  (4.l6)  we  shall  make  use  of  the  energy  inequality  [8  ; 


(4.18) 


where  depends  only  on  P.  We  shall  apply  it  to  v  «  Du.  Hence, 
have  to  estimate  the  left  side  of  (4.16)  for  t  =  0. 

We  shall  prove,  by  induction  on  ,  that 

(4.19)  Hl^‘Mn  l£  u(0,  *  )«„  <  K3Kf +r  (0  <  h+r  < 

Here  depend  on  the  same  quantities  as 


Theorem  7.1]: 


we  first 


*)• 
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For  h  m  -l  the  left  side  of  (4.19)  is  zero.  We  now  assume  that  (4.19) 
holds  for  all  h  <  k  and  proceed  to  prove  it  for  h  =  k. 

Applying  (k+r  <  q)  to  both  sides  of  (4.13)  and  taking  t  ■  0  w  get 

u  X 


(4.20)  if  S  -  -  If  ( 


QL  o  n 

where  u  =  D ,  ...  D  said  a  <  m. 

t  Xn  ° 

lllj  ceai  be  estimated  by  using  the  inductive  assumption,  making  use  of  the 

assumption  that  a_  €  C  (M  w?  )  (and  recalling  that  u  «  0  in  W0-  W? 

OL  a- D 9  R  oe  R  • 

o  o 

by  (4.15)),  and  employing  Lemma  7.  ||l2||  was  already  estimated  in  (4.12). 

Combining  these  estimates  we  get 


9 


provided  is  sufficiently  large,  depending  only  on  Eq,  E,  P,  R,  Rq,  R^,  ?,0  . 

Taking  >  Bg  the  proof  of  (4.19),  By  induction,  is  completed. 

We  can  now  proceed  to  establish  (4.l6). 

Prooc^f(4jl6).  We  assume  (4.16)  to  hold  for  all  h  <  k  and  ahan  prove 

it  for  h  ■  k.  The  case  h  -  0  follows  from  the  energy  inequality  (4.18)  applied 

,  * 
to  V  ■  u. 

V 

Applying  D  to  both  sides  of  (4.13)  we  get 
(4.21)  P(D*  S)  .  d*  t  -  TjZ  jg  <J)  (iT*  3)uM  .0  =  Jx  *  J2  . 

J2  consists  of  two  sums.  The  first  sum,  J£1  ,  contains  all  the  terms 

(pi 

involving  derivatives  of  u  of  order  k  +  m  -  1  and  its  norm  is  bounded  by 
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iu  2-  iirf**-1  u(t,')ii.  . 

*  |a|ntn 

The  other  sum*  Jg  -  Jgl  ,  can  he  estimated  uiing  the  inductive  assup&tion  and 
Lemma  7-  We  obtain 

K  -  J21»  S  \o  4'1  • 

Finally,  UjJI  is  estimated  by  (4.12). 

Taking  Kg  >  E  ,  >  EQ  we  get: 

(4.22)  ||P(1^  u)(t,-)ll  <B  Z_  HlP*"*1  u(t,.)ll  +Bii^”1  Vb‘ 

oo  *  \Ct  |  ad  00 

We  now  apply  (4.18)  with  v  -  u  .  Using  (4.19),  (4.22)  we  obtain,  if 
Kg  >  and  ^  >  K3  , 

(4.23)  .2.  ||lPl^"1u(t,-,f||eo<B  K^kS_1R  +B  /  |lft^"1u(t,*)||#DdT 

|a|«®  0  Ja|-oi 

In  this  inequality  1^  1  u  is  one  specific  (k— l)-th  derivative.  (Strictly 
speaking,  we  only  obtain  (4.23)  with 

Z-  JiP  ri1  u# 

|a|«-i 

on  the  left,  but  then  (4.23)  follows  very  easily.) 

He  now  need: 

Lenaa  8.  Let  y(T),  Q(x)  be  continuous  non-negative  functions  for  x  >  0 
and  suppose  that 

y(x)  <  H  /T  y({)d|  +  Q(t)  ,  x  >  0  . 

0 

Then 

;TyU>*t<  as  . 


I  _ 
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Applying  the  lemma  to  (4.23)  and  taking  Kg  sufficiently  large  (depending  on 
H  and  a  (t  <a)),  the  proof  Is  completed. 

Coro^ug^.  Using  Sobolev's  lemma  we  conclude  from  (4.4)  that  for  all 
(t,x)  in  ^  , 

(4.29)  u(t^x)  |  <  kq  Kq  (0  <  <1  <  p) 


where  K-  =  K  Bn  _  and  v 
0  0  13 


[  ^  i . 


Corollary  2.  From  (4.24)  it  follows  that  if  f  belongs  to 


then  u  belongs  to  C{M 


q-b-Hn-1— v* 


Coro: 


.  if  f  ■  f(t,x,\)  depends  on  a  parameter  \  and  It  satisfies 


IIdJ  f(t,*,\)HH  <I0A 


q-b 


(°  <  q.  <  p)  ♦ 


where  Dq  means  any  q-th  partial  derivatives  with  respect  to  (t,x,\)  ,  and 
0<t  <C,  X.  €  A  >  then 

||Dq'M"_1  u(t,  -,\)||R  <  Kq  Kq  (0  <  q  <  p)  . 

Hie  proof  is  similar  to  that  of  Theorem  3-  Indeed,  f  is  defined  in  the  same 
way  as  before.  In  (4.19)  we  replace  jf  by  if.  which  means:  any  r-th  partial 

derivative  with  respect  to  (x,\)  ,  and  then  proceed  to  prove  it  by  induction  on  h  . 
Finally,  in  proving  (4.16)  we  apply  to  both  sides  of  (4.13). 

Remark.  Qiven  any  R  <  R^  we  can  find  R^,  R^  as  in  the  assumptions  of 
Theorem  3>  provided  a  is  sufficiently  small.  This  fact  will  be  used  in  5. 
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4. _ Proof  of  the  Theorem  2. 


The  proof  le  divided  Into  seven  steps.  In  4.1  -  4-. 4  ve  only  use  the  restriction 
<p(m.,n)  >  m  +  4. 

4.1.  Estimates  for 

Consider  the  Cauchy  problem  (3.4),(3*6)-(3»8)  (with  v»  v^)  for  y  ■  7^. 

By  Lemma  3  and  (1.2),  the  initial  values  pQ  -  which  are  determined  as  solutions 

of  the  polynomial  equation  (3.9),  whose  coefficients  are  of  class  C(M  }  in  (y,cr) 

q-a 

are  of  class  C(M  }  in  (y,<r). 

q-a 

We  can  now  apply  Theorem  1  and  its  corollary  (as  a  >3  )  and  conclude  that 

^(•J)  a  (t,x)  is  of  class  C(M  .}  in  (t,x,c).  TAu.f, 
or  q-a+x 


(5.1) 


IdJ  7^Ji  (t,x)|  <  A  Ar  M 


r-a+1 


(0  <  r  <  •)  , 


where  D#  is  used  in  this  section  to  denote  any  partial  derivative  with  respect 
to  (t,x,<r). 

u^ 

We  set  b  -  a  -  3* 

The  coefficient 

a2* 


(5.2) 


s  *  £  ^  ' 


in  (3.20)  is  of  class  C(M^)  (as  follows  by  (5.1),  using 

(5.3)  ,,  .  , 


l).  Hence, 
(0  <  r  <•)  , 


where  ,  Ag  are  constants. 
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We  next  derire  estimates  for  the  coefficients  of  the  operators 
appearing  in  (3*20)  «nd  (3*23)#  respectively. 

*  the  paragraph  containing  ( 3  •  1^ )  and  the  f act  that  |f  belongs 

(and  hence  DS+1  belongs  to  C{M(j_a+s+g} )  it  follows,  using  Lemma 

coefficients  of  Pgj  belong  to  C(M^  al0 provided  a-(s  +  2)  >  2  . 

look  at  P  .  shows  that  if 
sj 


*  SiiJ 

to  C(»^} 

1,  that  the 
A  closer 


where 


<*“  (Qq  ' 


W'-x)'Pr 

|o|  -  n*. ,  I P  - 


then 


<5Jl>  PaoJ  b'lo“8s  “  Clv»«-|a|.2*  > 

provided  a-(S-|a|  +  2)  >  2.  Here  it  is  where  our  assumption  a  >  m  +  k  enters,  as 
1  <  s  <  m. 

We  turn  to  By  the  sentence  following  (3-21)  it  follows,  upon  using  Lemma  1, 

that  ^i 

Siij  =  qhiJ(t'x)  ^i 

and 

(5-5)  belongs  to  C{Mq_a^}. 


We  set 


c  -  min  (a- 3, a-m) 


so  that  b  >  c  >  2,  and  express  (5.k),  (5-5)  In  more  detail,  namely, 

'5-6>  !■£  P.OJ  I  i  *3  K  Mr-a«-  |a|*  (0  <  r  <  .  ) 

(5-7)  !*£  «hijl  ^  A3  K  Mr-c  (0<r<») 
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where  ,  A^  are  constants. 

We  shall  now  establish  the  desired  inequalities  for  u^Ctjx)  (recall  (3*15)) 
in  five  steps.  Throughout  the  rest  of  this  section,  we  denote  by  any  r-th 
partial  derivative  with  respect  to  the  variables  (x, a).  3'  has  the  sane  meaning 

with  respect  to  the  variables  (t,x). 

The  first  step  consists  in  proving  that 


(5*8) 


q+r-b 


for  all  1  <  h  <  m  ,  and  all  q,r  such  that  q  +  r  >  b.  Here  is  chosen  in  such 
a  way  that 


i»t  «£“oh(0'x)i  ^ 


if  q  +  r  <  b. 


The  proof  of  (5-8)  is  by  induction  on  q.  To  prove  it  for  q  -  0  we  use 
equations  (2.23)  for  k  «  0,  namely. 


5—--1  /  (j)\h 

X_>o1  (7VJ/) 
>1  0i  0 


<; 


if  0  <  h  <  m  -  2 
if  h  *  m  -1  . 


The  uQj  can  be  uniquely  solved  by  using  Cramer's  rule,  as  the  coefficients 

matrix  is  non-singular.  Since  by  Lemma  1,  the  product  of  functions  in  C(M  .  )  is 

q-D 

again  in  and  since  l/f  belongs  to  )  if  f  jt  0  and  f  belongs 

to  C(K^_^)  ,  we  conclude  that  the  uqj  belong  to  (as  7^  «  dy^/dt 

belongs  C(N^  ,  by  (5*1))*  This  establishes  (5*8)  for  q  *=  0. 

We  next  assume  that  (5*8)  holds  for  all  q  <  p  and  proceed  to  establish  it 
for  q  ■  p.  We  shall  make  use  of  the  differential  equation  (3.20)  for  k  ■  0,  namely. 


du 


oh 


dt 


oh 


0  . 


(5*9) 
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Applying  D?”1  D1"  to  both  sides  of  (5*9)  and  then  taking  t  -  0  we  obtain 
T  0 


(at  points  ( 0,x,cr )) 


a  if  u  „  -  -  2Z  (  P'1)  (^)D?  DJ  u  .Ef-1-*  a  . 

t  o  oh  Vrf  s  '  VJ'  t  o  oh  t  o  h 

J»0  S“0 


The  right  side  is  bounded  by 
r  p-1 


/  P-l\  „  s+A-b  p-l+r-s-l  „ 

7  -  (  A2  s+l-b  Vl+r-s-l-b 


vi  g  5  <  <;> 


where 


are  constants  independent  of 


r,p  and  where  we  use  the  notation: 
if  e  >  0 
if  e  <  0  . 


Taking  Hg  >  2Ag  and  using  (l.l)  we  get 

I1?  %  i  a6  hi  V1"'*  Vi«.»  • 

Taking  Hg  >  Ag  ,  the  proof  of  (5*8)  for  q  =  p  follows,  (in  fact,  we  have 
proved  (5*8)  with  M^+r_b  replaced  by  >  but  this  will  not  be  used  in  the 

sequel,  as  it  does  not  yield  any  improvement  for  the  estimates  of  the  u]fV|(t,x)» ) 

The  second  step  consists  in  proving  that 

(5-10)  I®?  v  <  h3  W-c  , 


for  all  1  <  h  <  m  ,  and  all  q,r,k  such  that  2k  +  q  +  r  >  b.  H_,  is  chosen  in  such 
a  way  that 


I®?  ®S  v  (0-x)  1  s 


if  2k  +  q  +  r<b. 


From  the  proof  given  below  it  follows  that  Mjc+(^+r_c 


can  be  replaced  in  (5.10)  by 


W-c-1  ,  but  this  will  not  be  used  in  the  sequel. 

Since  c  <  b  ,  (5 .10)  for  k  -  0  follows  from  (5*8)  if  we  take  , 

>  Hg.  Ve  now  proceed  by  induction  on  k:  We  assume  that  (5*10)  holds  for  all 
u^  with  p  <  k  and  proceed  to  prove  it  for  p  ■  k.  is  fixed  and  is 

still  to  be  determined  (independently  of  k,q,r). 


We  employ  another  induction  on  q.  We  then  first  have  to  establish  (5 .10) 
for  q  -  0.  We  make  use  of  (3 .23)  and  we  write  these  equations  in  the  form 


(5.11) 


m 


We  first  need  to  estimate  e£  at  points  (0,x,o).  This  expression  consists 
of  a  finite  sum  (the  number  of  terms  is  bounded  independently  of  k,r),  the  general 
term  of  which  is 


I f 

o 


^SiiJ  Dt  Vi,j  ^ 


r 

5 


o  r 


DB  D*  VL  , 
o  t  Jt-i,s 


(1  <  i  <  h,k). 


Using  (5*7)  and  the  inductive  assumptions  we  get  the  bound 


Ar"B  w  v  2(k-i)+i+s-b 


K  ZZ  (  J  K  H,  H 

'  s-0 


s'  %  “3  4 


Vs-c  W 


Taking  H,  >  2A,  we  thus  obtain 


<5-12)  K  Sfc  I  S  *8  H3  «WC  • 

We  are  now  ready  to  establish  (5 .10)  for  9-  0  by  induction  on  r.  For 
r  «  0  we  simply  solve  (5.11)  and  use  (5*12)  with  r  ■  0  ,  taking  >  Ag  .  Assuming 
the  validity  of  (5*10)  for  D®  u^  with  s  <  r  ,  we  shall,  prove  it  for  s  ■  r.  We 
apply  e£  to  both  sides  of  (5>H)  snd  obtain 


(5.13) 


V(r. 


(J)sh 

o  ' 


Using  the  inductive  assumption  and  the  inequalities  (5*l)  'which  hold  not  only 
for  the  7^  but  also  for  any  power  (7^)h  (by  Lemma  l)  with  different  Aq,A, 
we  find  that  the  first  sum  on  the  rlgit  side  of  (5*13)  is  bounded  by 


A _  H,  H, 

9  3  4 


2k+r-l 


“k+r-c  * 


The  second  term  is  estimated  by  (5*12).  Hence,  taking  >  Ag  +  ,  the 

proof  of  (5  *10)  for  q  ■»  0  is  completed. 

We  now  proceed  by  induction  on  q.  Assuming  (5*10)  to  hold  for  all  q  <  p  , 
we  shall  establish  it  for  q  *  p.  We  shall  make  use  of  the  differential  equations 
(3.20)  which  we  write  in  the  abbreviated  form 


(5.14) 


dukh  _  £ 

nr  +  °h  v  “  -  pkh  * 


We  first  estimate  E?”  xf  P. .  at  points  (0 ,XJF).  It  suffices  to  estimate 

v  o  Kn  * 

the  general  term 

J  =  if1  %  (Pja,  rf*  Vi+i,h)  (2  <  i  <  *.  M  <  i.k  >  !)• 

Using  the  inductive  assumptions  and  (5*6)  we  get 

<p'iw>i  D.p‘1+r"  piaJ 

5  *io  H3  «“  <  P‘i")  Vi«— |a|«  1W+|a|*-c 


-  *11  H3  H^-1+r-b  _ 


Hence, 


f 


-*7- 


(3*15) 


K1  <*12  H3  H42k+P_1+r"b 


:4p+r-c 


We  now  proceed  to  estimate  D*  1^(0, x).  Applying  D^"1  D*  to  both  sides 
of  (5*1^)  and  taking  t  =  0  ,  we  obtain 

<  Pi1Hp  tT*  °o  V 

1=0  8=0 

-  E?*1  if  P  . 

t  o  kh 

The  first  sum  is  estimated  by  using  (3*3)  and  the  inductive  assumptions,  and 
we  obtain  the  bound 

A,,  H,  „  v  . 

13  3  4  Tt-tp-l+r-c 

Combining  this  with  the  inequality  (5*15)  and  taking  >  A^g  +  >  the  proof 

of  (5*10)  is  completed. 

step  consists  in  proving  that,  for  1  <  h  <  m  , 


(5.16) 


lDt  %  I  5  h5  H64+r'l’M, 


5  b  'q+r-c 


(q  +  r  >  b) 


(note  that  the  argument  is  (t,x)  and  not  (0,x)  as  in  the  first  two  steps), 
is  chosen  in  such  a  way  that 


IdJ  uoh(t>x)  I  <  Hc  if  q  +  r  <  b. 


The  proof  is  by  induction  on  q.  To  prove  it  for  q  ■  0  we  employ  induction 
on  r.  Assuming  (5.16)  with  q  =  0  to  hold  for  all  D*  ,  J  <  r  ,  we  proceed  to 
prove  it  for  i  =  r. 

Applying  to  both  sides  of  (5*9)  we  get 
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(5.17) 


&  uoh>  +  Ch(l£  uch)  -  F0h 


and 


(5.18) 


r-1 


r-l-b 


|Pohl  5  g  (J)l  DC  uohl^'‘  °hl  S  *1*  H;  h6*  \.c  , 


as  follows  by  using  (5*3)  and  the  inductive  assumption. 

Integrating  (5.17)  with  respect  to  t  and  using  (5.8)  with  q  «  0  and  (5.18), 
we  get 


(5‘19)  K  uoh<‘t’x>l  S  Hl  H2r'b  Mr-c  +  *14  H5  H6r‘1’t  *r-c  *  *15 •'/ K  »<*<*'*>  ldT* 


Integrating  both  sides  of  (5.19)  with  respect  to  t  ,  we  can  then  eliminate  the 
integral  on  the  right  side  of  (5.19)  and  thus  obtain  (5-16)  with  q  «  0,  provided  we 
take  >  H2  ,  Hg  >  A^,  for  appropriate  : 

We  proceed  to  prove  that  if  (5.16)  holds  for  all  <t  <  p  then  it  holds  for  .  q  *  p  . 
Applying  to  both  sides  of  (5*9)  and  using  (5.3)  and  the  inductive  assumption 

(in  a  similar  way  to  the  calculations  in  step  l),  the  desired  inequality  easily  follows 
if  Hg  >  A^  ,  for  appropriate  A^  . 

ISTSfa  ififrSjP  consists  in  proving  that,  for  1  <  h  <  m  , 


(5-2°)  lDt  if  uih(t,x)|  <  Hg2k+q+r  b  M2k+4+r_(j  (2fc:+:q  +  r  >  b) 

where  is  chosen  in  such  a  way  that 

uBl(t,x)|  <  h7  if  2k  +  q  +  r  <  b. 

The  proof  is  by  induction  on  k.  The  eaee  k  •  0  is  step  3.  In  order  to  establish 


the  Inductive  passage  from  k-1  to  k,  we  employ  another  Induction  on  q.  Thus,  we 


first  have  to  prove  the  case  q  -  0,  that  Is, 

(5.21)  |B^t,x)|<  H7  H82kw'b  (2k  +  r  >  b). 

To  prove  (5 .21)  we  employ  Induction  on  r.  The  case  r  ■  0  will  not  be 
described  here  since  it  follows  by  a  part  of  the  argument  given  below  for  the 
inductive  passage  from  r-1  to  r. 

In  order  to  perform  this  passage,  we  apply  to  both  sides  of  (3*20)  and 
obtain 

v  -  -  5  0  d‘  v  °h 

^5-22'  ■  C  ‘S  Plh*ult-l+l,h'  =  Frkh  . 

1*2 

The  first  sum  is  estimated  by 

*18  *t  "s2*"'1-*  Wo  ' 

where  use  is  being  made  of  (5*3)  and  the  inductive  assusptlon. 

In  the  second  sum,  each  term  is  a  sum  of  terms  of  the  form 

Do(plA  d°  “k.l+l(h)- 

Using  (3.6)  and  the  inductive  assumption  get  (by  calculation  similar  to  step  2) 
a  bound  (3*23)  tut  with  a  different  A^g. 

Hence, 

(5*25)  lF**kJ  <  h7  h8  “nk-w-c  * 

We  nov  Integrate  (3.22)  with  respect  to  t  and  proceed  by  an  argument  of  step  3. 
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The  proof  of  (5 .21)  is  thus  established. 

Having  proved  (5 .20)  for  q  •  0  to  proceed  to  establish  the  inductive  passage 
from  q-1  to  q.  This  is  done  simply  by  applying  D*  D  to  both  sides  of  (5.11*-). 

w  O 

Since  a  similar  argument  appears  in  step  2,  we  omit  further  details. 

R enjgrk.  The  inequalities 

(5-26)  '  H7  V«-c 


may  seem  more  natural  than  (5. 20).  If  they  are  true  then  the  next  step  is  super¬ 
fluous  and  Theorem  2  can  also  be  improved  by  having 


M  .  M 

JfcSJfc 

pi 


However,  it  seems  to  us  that  (5 .26)  is  not  true.  The  difficulty  in  trying  to 

establish  it  is  that  the  sum  of  the  orders  of  differentiation  and  the  sublndices 

of  the  u*s  of  (5*24)  is  k  +  r  +  1  ,  if  |a|  ■  i,  and  not  k  +  r.  Therefore,  in 

order  to  carry  out  the  Inductive  passage  from  k-1  to  k,  more  weight  should  be 

given  to  the  index  k.  We  are  thus  led  to  establishing  (5* 20)  with  M.  .  _  for 

k x  +q+r-c 

some  X  >  1.  The  previous  proof  works  well  only  if  X  >  2. 

The  fifth  step  (and  the  final  one)  consists  in  combining  the  results  of  the 
second  and  fourth  steps  in  order  to  improve  the  results  of  the  fourth  step. 

By  Taylor's  formula  we  have: 

Dl  “o  v1-*)  -  z:  £  %  V(o,x)  ♦  4 

where 

ST  I  '(VMI 

r*  r* 

for  some  t  ,  0  <  t  <  t. 


Using  (5*10),  (5*20)  we  get 
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lB?  ■£  “*!.<*•*>  I  Sg^'3  H42kn+r+v 


(5^27) 


,  tj  „  „  2k+q+r+N 

NT?  O  M2k+q+r+N-c 


If  =  q then  the  last  term  on  the  right  side  of  (5*27)  tendB  to  zero 
as  N  -*  oo  ,  provided  t  <  {  and  £  is  sufficiently  small  (i.e.,  3  £  Hg  <  l). 

On  the  other  hand,  the  sum  on  the  right  side  of  (5-27)  is  bounded,  independently  of 

Ago  «3  i^2k+<1+r  (k  +  q  +  r  -  c)J  , 

provided  £  is  sufficiently  small  (say  3  £  <  l). 

Introducing  the  notation 


(5-28) 


r  M 

W{  ° 


if  M  -  q! 

q 


otherwise 


we  conclude  from  (5-27)  and  from  step  4,  that 


(5-29) 


for  some  constants  Hq,  H.  This  is  the  final  form  of  our  estimates  for  the  u^h 

Note  that  (t,  x)  varies  in  ,  and  cr  varies  on  |c|  *  1. 

o 

4.3*  Estimates  for  ^(7^) 

From  (3*24),  (3-25)  we  see  that  f^(x)  >  for  k>n-m+2isof  differ¬ 
entiability  class  Q^"n'Hn"2 


and  we  can  write 


-  52  - 


(5-30) 


k-n-ta-l 


fk(r>“  (can)! 


in  the  following  sense:  Each  derivative  (q  <  k-n-Kn-2)  of  any  side  of  (5* 30) 

r  ~ 

is  bounded  by  a  constant  (independent  of  q,k)  times  the  derivative  of  the 

other  side. 

From  the  proof  of  Lemma  2  it  is  seen  (using  (5-30))  that  the  lemma  remains  true 
if  F(u)  «  u*  is  replaced  by 


F<">  - 11 


Making  use  of  (5*1)  we  thus  get 


A  ^  ^ 


(5.31)  l«e  fk(r( J)  I  <  ^  --r.-!--  V’"1'1  Vi-«e 


where  i«k-n+m-l  and  a+l<q<k-n+m-2«i-l,  and 

<5-32)  Itf  <h  «  «<»<*  + 1- 


Ki  are  constant  independent  of  q,k. 

Taking  A  >  Aq  Kq  we  conclude,  from  (5-31),  that 


(5-33) 


Ugfk(r(j))l<«^  \-.+i  <«i  <»<*-*— 2), 


q-a 


The  inequalities  (5*32),  (5*33)  are  true  also  for  all  q  >  0  at  points  (t,x,v) 

where  7^  (t,x)  if  0.  Indeed,  for  n  odd,  f.  (r)  ■  0  if  k  <  n-»  ,  and  r  jf  0 

whereas  f  (r)  ■  C.  rk",ai“n”1  if  k  >  n-m  ,  where  CL  is  constant,  positive  for 
K  Kp  n  u 

r  >  0  and  zero  for  r  <  0.  Hence  we  only  have  to  consider  the  case  k  >  n-m,  7^(t,x)X> 
and  we  then  apply  Lemma  2  and  derive  (5. 32),  (5*33)  for  all  q  >  0. 

For  n  even  proof  of  (5*32),  (5*33)  for  all  q  >  0  (at  points  where  7^  yf  0 


I 


f 
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is  somewhat  different.  Let  (t,x)|  >  rQ  for  some  rQ  >  0.  We  then  obeerve 

that  (k-rtn-n-l)l  fk(r)  belonge  to  C{(q-«)1}»  uniformly  in  k,  on  any  eet 

(r  :  r  <  |r|  <  r, ).  Combining  this  remark  with  (5.1)  and  using  Lemma  1,  the  proof 
o  —  —  l 

Of  ( 5 . 32 X  (5.33)  follows. 

4.4.  Estimates  for  il.  (t,x)f.  (y^1)) 


Let  q  <  k  -  n  +  m  +  1.  Then,  using  (5*29)  and  (5*32), (5*33)  we  get 

K, 


|Dj[V(t,,)Vr(h)]  I  <  £}  (?)  H0  S**  Ac  A*'*  V 


k+r-c 


(5-34) 


Ki.  H 


k+q 


Mq-r-a+l  -  (t-n-Hn-i  Ji  *k,k+q-c 


This  inequality  remains  true  for  all  q  >  0  at  points  (t,x,<J )  where 
7^h\t,x)  /  0  ,  and  then  depends  on  rQ  where  tq  is  any  constant  <  lr<h)(t,x)l. 

Hence,  for  such  points  (t,x,c), 


(5-35)  IdJ  t  ^jtl  ukh^t,*^Vr  Ml<  (E-n-He-2)i  ^,B+qrC 


■ 

4.5.  Estimates  for  the  •remainder *  -  5 


(7(h)) 


We  set 

(5.36) 


Vt,x)  ‘  S  Sj(t'i),k(r(J>> 


(5.37) 


Rph^t,X)  "  Vt,x^  "  Uph^t,x^* 


We 


continue  to  use  the  abbreviations  (3.15).  R^  may  be  considered  as  the  "remainder" 


00 


of  the  (generally)  divergent  series  ^  ,  u^r^i 


We  shall  estimate  In  this 
n+2- 


subsection  Rph  for  q  <  p  -  n  +  m  -  1  -  v  where  v  -  [  — =  ] .  Setting 
P  *  P(t,x,  >  ^  )  it  is  easily  seen  that  R^  satisfies  formally,  the  equation 


(5-38) 

where 


P  R. 


Ph 


Ph  ’ 


Lph  =  Pnih  ^Up,h^V7^  ^  +  '^mh^Vl,*^  +  Pm-l,h^Up,h^  fp-l  ^  ^ 


(*)< 


+  *•*  +  ^Pmh^Up-m+2^  +  Pm-l,h^  Up-m+3,h)  +  ***  +  *WUph^fp-»+2^7  ^ 


and  the  initial  conditions 

aJ 


(5.39) 


- 1  R_y.  »  0 

8tJ  ph  t  -  0 


(0  <  J  <  m  -  1). 


(5*38)  is  an  hyperbolic  equation  and  the  nonhotnogeneous  part  is  of  differen¬ 
tiability  class  C5”11  in  W*  (if  »«  1  ,  ■  0).  Ry  Girding  [8]  and  the  fact 

that  the  domain  of  dependence  of  V-  is  contained  in  W_  ,  it  follows  R  .  exists 

o 

in  W*  and  is  of  class  c*m~n  .  Using  the  definitions  (5. 36), (5. 37)  and  (3.15)  , 
it  follows  that  G  is  the  fundamental  solution.  Since  p  can  be  made  arbitrarily 
large,  G  is  differentiable  up  to  any  order  s  at  points  (t,x)  where 


(5.40) 


Vt>x)  v,{  x[  £  'Wt'x)lto 


is  differentiable  up  to  the  order  s  ,  for  s< 


p  >  s  +  n  -  m. 

We  proceed  to  estimate  D*  Rph  in  two  steps. 

Th^firstj3te£  consists  in  deriving  estimates  for  L^. 

In  order  to  find  a  bound  on  ,  it  suffices  to  find  a  bound  on 
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(5.41) 


^Pm-j,h^up-i+J,h^ 


fp.i(r(h))) 


(0  <  i  ,  J  <  m  -  2) 


We  first  estimate 


(5.42) 


D*  ^Pm-J,h^up-i+J>h^  * 


It  suffices  to  treat  the  general  term  of  (5.42): 


I  m  D*  (P  .  DQu  .  .  .  ) 
*  m-J,a,h  p-i+,J,h' 


( |a|  <  m  -  J). 


Using  (5 .6), (5 *29)  we  get,  after  some  (by  now)  standard  calculation. 


(5-43) 


III  <  B,  B„P+r  M 


-  “1  “2 


p,p+r-e 


where  B1  are  used  to  denote  appropriate  constants,  and  where  the  symbol  e  will  be 
used  in  what  follows  to  denote  various  constants,  all  of  which  are  of  the  form 


e  =  a  -  e1  ,  e1  depending  only  on  m,n. 

The  cp(m,n)  appearing  in  the  statement  of  Theorem  2  is  taken  to  be  larger  than 
the  maximum  of  the  various  e1(m,n),  so  that  e  >  0. 

An  inequality  similar  to  (5*43)  holds  also  for  (5.42).  Using  this  and  (5.32), 
( 5 -33 )  we  find  that  each  term  of  (5*41)  is  bounded  by 


B3  B4m 


M 

pi 


provided  q.<p-i-n+m-2.  Since  i  <  m  -  2  we  conclude  that 
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(5.44) 


I^VM!<bs  b, 


5  6 


p+q 


jLdE+aii 

pi 


for  (t,x)  in 


> 


for  all  0  <  q  <  p  -  n. 
Using  (3.28)  we  get 


(5.45) 


<  B„  B 


'7  °8 


p+q 


1 

P'. 


r-> 

M 


for  (t,x)  in 


TO^jgcond^teg  consists  of  applying  Corollaries  1,3  of  Theorem  3  to  the  solution 

r  ) 

ph'  v  8  Pl 

of  the  system  (5 -38), (5 -39)  with  L  .  replaced  by 

ph 

L  ./(bP  . 

ph/v  a  Pl 

Recalling  the  remark  at  the  end  of  §k  we  conclude  that  if  E  is  sufficiently 


small,  depending  only  on  R,  Rq  said  P,  then 


(5-46) 


M  M 


ur^  Rph(t,x)|<BQB10^ 


9  io 


in  WR, 


for  0  <  q  <  p  -  n. 

^^j^iYisiOT^nto^aseB^Th^^^B^^ase 

We  are  now  going  to  divide  the  points  (<r,h)  into  two  classes,  and  complete 
the  proof  of  the  theorem  by  treating  each  class  separately  and  then  combining  the 
two  results. 

For  every  point  (t°,x°)  in  V  ,  the  system  of  equations  (3*26)  is  not  satisfied. 
Hence,  for  any  given  o-  and  h  (  |<t|  »  1  and  1  <  h  <  m),  either 
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7^  (t°  ,  x°)  4  0  > 


or 


7^  (t°,x°)  -  0  but  grad^  j£(t°, x°)  0  (* >  (fy  ...  ,*n-1)) 

It  is  clear  that,  for  any  h  ,  we  can  divide  the  unit  sphere  |cr|  «  1  into  a 
finite  number  of  smooth  regions  2^  such  that  for  all  tr  in  any  either 

(i)  7^h)  (t°,i°)  +  0 

or,  for  all  a  in  that 

(ii)  grad^  7^  (t°,x°)  /  0. 


h/ . 0  Ox 


Both  cases  may  occur  simultaneously. 

It  is  clearly  enough  to  derive  the  estimates  on  G  for  (t,x)  in  a  small 
neighborhood  Vq  of  (t°,x°),  Vq  e  V £  ,  since  then  we  can  apply  the  Heine-Borel 
principle  and  complete  the  proof  of  the  theorem. 

We  can  take  VQ  and  the  in  such  a  way  that  if  (ii)  holds,  but  (i)  does 

not  hold,  then 


(5.V7) 


for  same  q  >  0  ,  7  (t,x)  =  7 


(M  <  T,(T€  Z^f  (t,x)€  Vo) 


can  be  uniquely  solved  in  terms  of  one  of  the  1 |r..  ,  and 
grand^  7^h\t,x)  t  0. 

We  shall  now  estimate  derivatives  of  G.  ■  R  .  +  U  .  for  <re£  .  .  in  case  (i) 

he  ph<r  phtr  >ih  '  ' 

(5-35)»  (5-^6)  we  get,  for  q  «  p  -  2n  -  2, 

l«8  ^  Wq  t  *  -*•  ‘‘i 


(5.48) 
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for  some  a  =  a(m,n)  . 

4.7.  The  Second  Cage]  Completion  of  the  Proof 

We  next  consider  the  case  (il)  and  estimate  derivatives  of 

(5-49)  0h  u(t,x)  =  /  Gv_(t,x)dS.  . 

^  <r  e  £  .  **  * 

(ih 

Since  G,  =  R  ,  +  U  ,  and  the  derivatives  of  H,  have  already 

ha  pha  pha  pha 

been  estimated  in  4.5  (see  (5*46)),  it  remains  to  estimate  derivatives  of 

<’•5°)  ’  1  .  V  (t’x)as*  • 

” e  v 

We  may  clearly  assume  that  (i)  is  not  satisfied;  hence  (5 .47)  holds.  Let 
a0  be  the  unique  a  €  for  which  7^(t0,x°)  *  0  .  Because  of  (5. 47),  there 

exists  R0  >  0  such  that 

(5-51)  if  k  -  (T°|  >  TJ0  ,  «r  €  ,  (t,x)  €  V0  ,  then  +  0  , 

provided  the  diameter  of  VQ  is  sufficiently  small,  which  we  may  assume. 

We  now  split  the  integral  (5-50)  into  two  integrals: 


(5.52) 


<7  e  I 


hh 


J  +  J 

a  e  £'  a  €  £" 


J'  +  J" 

P  P 


To  define  £’  consider  the  family  of  surfaces 


(5-53) 


7°(t,x)  *  7 


for  <  7  <  .  Because  of  (5.47)  this  is  a  family  of  (n  —  2)  -  dimensional 

surfaces  in  the  local  parameters  t  ,  the  parameters  of  the  family 

are  (t,x,y)  .  Denote  this  family  by  T(t,x,7)  .  For  each  7', 7" 


in  the  interval 
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—  ^  <  7  <  ^  there  is  a  one-to-one  correspondence  |  between  the  points 

V  =  t(t',x',7')  on  T(t',x',7')  and  if  =  \|r(t",x", 7")  on  T(t",x",7")  provided 
(t',x')  and  (t",x")  belong  to  VQ  ,  and  N  is  sufficiently  large.  We  determine 
on  T(t,x,  7)  a  set  «(t,x,  7)  in  the  following  way: 

jt(t?,x5o)  is  the  intersection  of  T(lf,x®o)  with  an  (n  —  l)  -  dimensional 
sphere  in  the  if  -  space.  If  the  radius  of  the  sphere  is  taken  to  be  sufficiently 
small,  then  x?,  0)  is  a  manifold.  jt(t,  x,  7 )  is  defined  to  be  the  set  corresponding 
to  n(t®x?0)  by  the  mapping  l  .  Let  TQ(t,x,  7)  be  the  interior  of 
7T(t,x,7)  in  T(t, x, 7)  .  Then  it  is  clear  that  if  the  diameter  of 
is  sufficiently  amal 1  and  if  N  is  sufficiently  large,  then  it(t,x,  7)  and 
Tg(t, x, 7)  belong  strongly  to  C(M  (see  ^l).  Also,  jt(t,x, 7)  has  no  boundary. 

Note  now  that  if  we  decrease  VQ  ,  i\  and  N  remain  unchanged  but  in 

(5.51)  can  be  decreased.  Hence,  without  loss  of  generality  we  may  assume  that  the 
family  {TQ(t,x,  7)  ;  -  ^  <  7  <  contains  the  (n  -  l)  -  dimensional  set  in  the 

if  -  space  which  corresponds  to  the  set  |<r  —  <  t)q  . 


We  define 


Z-  =  E'  (t,x)  =  (T0(t,x,7)  J  “  }  <  r  <  g)  . 


Then,  by  ( 5* 5l)>  |r^  (t,x)|  >  rQ  >  0  in  E^  -  Z'  . 


Hence,  in  Z"  (5*35)  is  valid,  and  using  (3*28)  we  obtain 

•"5  Upto  I  2  Bl3  <BH)P+4  V1  V  • 
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Applying  Lemma  5*  ,  we  obtain,  for  the  particular  choice  q  »  p  -  n  , 


(5-5*0 


M 


We  turn  to  J'  and  introduce  on  £ .  the  form  (see  [10;  pp.  272-3]) 

p  JVl 

by  (h) 

da  ■  djf  dO  where  dO  =  dS ^  | — —  f  ; 

dS^  is  the  element  of  area  on  the  manifold  TQ(t,x,  y)  and  b/bv  is  the  normal 
derivative  to  TQ(t,  x,  7)  .  We  obtain 


(5-55) 


J'  (t,x)  «  /  ^2  fk(?)  f  J 
p  r*  k=0  K  1  * 


dS 

T  (t,x,y)  ?V 

N  0  P37 


as  1 

■W4-*)  isntrr  ; dr  • 


Denoting  the  inner  integral  by  $kh(t,x,  7)  ,  we  claim  that  for  any  q  >  0  , 
(5.56)  It£  *  f+  v  ~M  n  (■* 


where  D_£  is  any  q-th  partial  derivative  with  respect  to  (t,  x,  7)  . 

Indeed,  this  follows  by  employing  Lemma  5  while  making  use  of  the  estimates 
(5.29),  (5-1). 

It  is  now  easy  to  complete  the  derivation  of  the  estimates  for  «T  .  In  fact, 

J 

Dqj;  (t,x)  *  £2  /  fk(?)  Dq  *k(t,x,r)d7  a  i  Jk  - 


k«0  n 
n 


k-0 


Consider  first  the  case  where  n  is  odd.  If  k  £  n  -  m  then,  by  (3. 2*0, 
(5-57)  Jk  (t,x)  =  cn  d  n““"k  Dq  ^(^x,/))  , 


IY-  0 
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and  if  k  >  n  -  m  then 


B 


(5.58)  |Jk(t,x)|  <  +m  -^r-  i).  8»p  lDq  \(*»*>?) 


Combining  both  cases  for  k  ,  and  using  (5*56),  we  get 


(5.59)  1^  j;(t,x)|  <B20(B21)p+q  \  ■ 

For  n  even,  if  n  +|-Jr  -m<  0  then  (see  (3-25))  we  obtain  an  estimate 
similar  to  (5-58)*  If  n+1—  k—  m  >  0  then  we  obtain  a  result  similar  to  (5«57); 
this  follows  by  using  the  definition  of  the  dittribution  r  (  h  >  0)  and 
Taylor's  formula. 

Combining  the  estimates  (5-59)>  (5-54)  and  using  (5*52)  we  get,  for 
q  =  p  -  2n  -  2  , 

(5.60)  I*  <  WP-Hp  «p  • 


Combining  this  inequality  with  (5*46)  we  obtain  for  ^  the  inequality 


(5-48)  with  different  B's  and  a  . 

Since  in  the  first  case  we  have,  by  (5*48)  (see  the  definition  (5*49), 

M _  M  M 


(5.61) 


Id*  V(t,,)|  <  *<V4  , 


we  find  that  (5*6l)  holds  in  each  of  the  cases. 

Summing  over  h,  m-  we  obtain  the  same  inequality  (with  different  V  for 
G(t, x)  .  This  completes  the  proof  of  the  theorem. 

6.  Concluding  Remarks 

6.1.  Other  Fundamental  Solutions 

Theorem  2  remains  true  also  for  the  other  fundamental  solutions  Gj(t,x) 
defined  by  the  initial  conditions  (3*3' )>  with  t®  =  0,  x^  =  0  .  The  only 


-62- 


difference  is  in  the  definition  of  the 

of  (3.22)  we  now  take  r 

tr 

fk+l 

is  defined  as  /f  ,  but  instead 

[c  8(n"*l)(r) 

(6.1)  f_j(r)  =<j  n 

\ST 

(  n 

odd) 

(  n 

even)  . 

Pormulas  (3.24),  (3.25)  have  to  be  modified  accordingly. 


Obviously,  all  the  results  remain  true  for  the  fundamental  solutions 

G  (t,x;t°,x°)  with  pole  at  (t°,x°)  . 

«J 

6.2.  Smoothness  of  Solutions:  Huygen*s  Principle 


Let  u  be  a  solution  of  the  Cauchy  problem 


M) 


Pu  =  0 


d*^u 

dtJ 


t=0 


=  ^(x) 


(0  <  J  <  m  -  1) 


For  any  point  (t  ,x  )  where  0  <  t  <1  (the  same  £  which  appears  in  the 

statement  of  Theorem  2),  denote  by  C(t  ,x  )  the  intersection  of  t  *  0  with  the 

*  * 

characteristic  conoid  with  center  (t  ,x  )  .  Let  C  be  an  open  neighborhood  of 
* 

C(t  ,x  ),  and  assume  that 


(6.3)  <Pj(x)  =  ^^(x)  +  cp2J(x)  (0  <  J  <  m  -  l) 

where  qp.  is  of  the  class  C{M  )  in  seme  ball  |x  |  <  R'  and  tvAen*  qp9,  i» 
lj  q-a  cj 

# 

any  function  (say,  bounded  and  measurable)  which  vanishes  on  C  . 

Let  u^  and  Ug  be  the  solutions  of  the  Cauchy  problem  (6.2)  with  the 
initial  conditions  qp^j  and  q>gj  respectively. 

If  R'  >  Rq  where  RQ  depends  only  on  £  and  P  ,  then,  by  Theorem  3,  u  , 

is  of  class  C{  M  )  in  seme  neighborhood  N  of  (t  ,x  )  . 

Q.**" 
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As  for  Ug  ,  we  can  represent  it  in  terms  of  the  fundamental  solutions, 


namely, 

mr“1  n  n 

(6A)  u.(t,x)  =  2  G  (t,xjO,x  )  *  cp  (x  )  . 

J=0  J  J 

Since  <Pj(x^)  =  o  if  >P  €  C  ,  we  can  apply  Theorem  2  &nd  conclude  that  Ug 

A  *  # 

hr  ongs  to  C{  M  if  is  sufficiently  small  neighborhood  of  (t  ,x  ). 

Hence : 

Theorem^.  Under  the  assumptions  of  Theorem  2  and  the  forgoing  assumptions 

concerning  the  <p  ,  the  solution  u  of  the  Cauchy  problem  (6.2)  belongs  to 
J  _n 

C(*M  in  some  sufficiently  small  neighborhood  of  (t*,x*)  . 


This  theorem  may  be  viewed  as  an  Huygen 1 s 


pie  for  the  smoothness  of 


solutions,  namely,  if  the  initial  values  belong  to  C{M  }  in  some  neighborhood 

of  C(t*, x*)  and  are  arbitrary  elsewhere,  and  if  the  decomposition  (6.3)  holds 

in  some  ball  |x|  <  R*  ,  then  the  solution  u  is  in  a  corresponding  class 

A  ^  ^ 

C(M  a||^)  in  some  neighborhood  of  (t  ,x  )  . 

6.3*  Hyperbolic  Systems  of  equations 


The  most  general  hyperbolic  systems  for  whom  the  Cauchy  problem  has  been 
solved  by  Petrowski  [16]  and  Leray  [15]  are 


(6.5) 


n 

d  Pu 


N 

=  2 


J=1  kg+k.^. . .  +*n$ij 

ko  <nj 


^0kl'  ’  ’^n’  ^ 


k-4-k.  +. . .  +k 
0  1  n 

o  u, 


k  k  k 

dt  ^5xn  . . .dx  n 
1  n 


(l  <  p  <  N)  , 
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where  the  A* 8  are  matrices  of  order  N  x  N  with  coefficients  depending  on  (t,x)  . 
The  condition  of  hyperbolicity  is  the  following : 

For  any  real  vector  o-  f  O  ,  the  matrix 


<V  -  < 


ai-”j 


k 

0  1 


ko  kl 

•VJP  ai  * 


k  n . 

<r  n  -  v  6  ) 

n  Jp 


can  be  transformed  into  a  matrix 


0 

0 

N. 


where  the  roots  of  each  polynomaial  det.(  Nf^)  are  real  and  distinct. 

Consider  now  the  special  case  k  =  1  .  If*  all  the  n  =  1  then  the  system 

J 

is  the  one  considered  by,  Courant-Lax  [3]  and Lax  [l4]. 

The  formalism  of  £  3  was  extended  to  hyperbolic  systems  (with  k  =  l)  by 
Babitch  [1],  An  energy  inequality  analogous  to  (4.18)  is  valid  also  for  hyperbolic 
systems  (Leray  [15])-  Using  these  tools,  Theorems  2-4  can  be  extended  without 
difficulty  to  hyperbolic  systems .  Since  the  proofs  are  quite  analogous  and  the 
methods  are  the  same,  we  emit  all  the  details.  We  only  mention  here  the  definition 
of  a  fundamental  matrix: 

Fundamental  matrix  with  pole  at  the  ordgixi  is  a  matrix  G  =  (G1!  )  of  order 
N  x  N  having  the  following  properties: 

(a)  Each  column  is  a  distribution  in  x  ,  with  t  as  a  parameter,  which 
satisfies  (6.5). 

(b)  For  0  <  i  <  nj  -  1 


*  Gh 


dtJ 


JkU.=, 


=  0  if  i  £  h  j 


t-0 


dt 


£  Gh 
h  JkL= , 


t-0 


v s(x)  • 
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